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The following data and graph depicts the distance a car travels over a period of 14 hours.
As always, the independent variable, which in this case is the time in hours, is on the x-
axis, while the dependent variable, distance in kum, is on the y-axis.
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We can see that when the data is plotted, the result is a straight line. Four points are
marked: (2.80, 200.00) , (5.60, 400.00) , (2.33, 666.67) , and (12.13, 866.67).

These points can be used to find the average rate of change of distance with respect to
time,



Choose any two points on the graph, say (2.80,200.00) and (9.33, 666.67). Using the
stcps in the carlier examples, we can find the average ratec of change.

(666.67 — 200.00)on _ 466.67km _
(9.33-2.80)A 6.53h

T1.5km/ A

average rate of change =

If we use any two other polnts on the graph, say, (5.60, 400.00) and (12.13, 866.67).

(866.67 - 400.00)km _ 466,67k
(12.13=5.6004 6.53k

average rate of change = =T71.5kmlh

The average rate of change was the same value even though we took two different points
each time. This is, of course, because the graph is linear, For a linear function, the
average rate of change will be unchanged regardless o f which two polnts are chosen.



S0, what happens if the graph is not linear? Consider the following data and graph that
depicts a baseball thrown from the outfield to home plate. For simplicity, we will assume
that the outfielder releases it at a height of 0 m and the catcher catches it at a height of

0 m. The data shows the height of the ball vs the horizontal distance it has traveled.
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The plot of the graph is obviously not linear. It is, in fact, quadratie. It should be
evident that the average rate of change of the height with respect to the horizontal
distance is not constant in this instance. Gravity slows the vertical climb of the ball until
eventually it changes direction and begins to fall back towards the sarth.

Although the average rate of change {s continually changing for this function, it is still
possible to calculate the average rate of change over a certain interval.



Example:

Find the average rate of change of the height of the ball with respect to the horizontal
distance as the horizontal distance changes from

63.64 mtol00m
0.09mto 36.36 m
4545 mto 54.55m

Solution:

b)

c)

(0-37.02)m _ -37.02m
(100-63.64)m  36.36m

For this interval, the vertical distance decreases (the negative sign indicates this)
1.02 metres in height for every metre the ball travels honzontally, on average.

av&rage rate of change = =-1.02m/m

(37.02-13.22)m _ 23.80m
(36.36-9.09)m 27.27m

For this interval, the vertical distance increases (the positive sign indicates this)
.87 metres in height for every metre the ball travels horizontally, on average.

=.8Tmim

average rate of change =

(39.67-39.6T)m _ Om

= = Om/
(5455—-4545)m Odm

average rate of change =

For this interval, the average height does not increase nor decrease.



RATE OF CHANGE AS SLOPE

From our discussions of the past two examples, it is easy to relate the concept of average
rate of change to that of the slope of a line.

Recall that : slnpt-m-f:"g%=%
From the first example in this section, the linear plot, what we actually did was find the
glape of the line segment, using varjious points in our caleulations, We know from past
wark that the slope of any straight line is constant. The values of the rates of change we
found for the linear plot were algo constant,. Thus, the average rate of change of a
linear function is simply the slope of the line.

The slope of the line, and thus, the rate of change will be
a) positive if the line rises from left to right.
b} negative if the line falls from left to right. .
c) zero if the line is horizontal. e



For the nonlinear plot, it was found that the rate of change was not constant. It changed
depending on the interval we chose. Sometimes the rate was positive, sometimes
negative, sometimes zero, Again, this is related to the slope of a line. To illustrate this,
we will re-visit the last example where the baseball was thrown from the cutfield to

home plate.

What we will do is draw a line through various pairs of points on our graph. A line
joining two points is called a secant line. We will then calculate the slope of this secant
line which will give us the rate of change of the height with respect to horizontal distance
for that interval,

Theight(m) i : The line drawn joining the two points
droofoe b oot g mseeote g ealled a secant line. It can be seen
that the secant line falls from lefi to
right. Thus, we would suspect the
slope of this line to be negative. The
average rate of change we found was
-1.02. This value is, in fact, the
slope of the secant line joining the
two points of our chosen interval.
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T “TSheight(f) -, For the second part of the example, it

T T 1T R T B T'_'*'"'*"" can be seen that the secant line nses

from left to right, Thus, we would

suspect the slope of this line to be

positive. The average rate of change
we found was + .87. This value is, in

fact, the slope of the secant line

joining the two points of our chosen

interval.

For the third part of the example, it

can be seen that the secant line is

horizontal. Thus, we would suspect
the slope of this line to be zero. The

average rate of change we found was

0. This value is, in fact, the slope of
the secant line joining the two points
1 of our chosen interval.

The conclusion that we can draw is that the average rate of change over a certain interval
is equal to the slope of the secant line joining the endpoints of the chosen interval. If the
function is linear, the average rate of change will be constant throughout, no matter what
interval we choose. If the function is nonlinear, the average rate of change will change

from interval to interval.




EXAMPLE 1: The graph below shows distance versus time for a bus trip.
Ndidtance(kh) ; 2 1}1

Analyzing the graph tells us that there are three distinet parts of the trip.
L. The bus starts and travels 2 h at a constant speed (A to B is linear)
then travels 5 h at a different constant speed (B to C is also linear), .
and finally travels the last 3 h at a non-constant speed (C to D is
nonlinear).
We can find the average rate of change of distance to time(average speed) for each part of
the trip.

Ato B

average speed = % =10&m/h This will be constant throughout the interval.

B to C:

(40 = 20)/am

average spead =
i (7-2)k

= 4km/k This will be constant throughout the interval.

CtoD:
Since the graph is not linear here, we will not get a constant value for the average speed.

Tt depends upon which points we choose to use from the graph. We will use the complete
interval from 7h to 10 h.

(100 - 40)m
(10-7)h

The average speed will vary throughout the interval. Sometimes it will be less than

average speed = =20/km/ h.

20 knv/h, sometimes more than 20 km/h,
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