Pascal’s Triangle and the Expansion of Binomials

Animportant application of Pascal’s Triangle isin the area of binomial expansion. Consider the following
expansion of binomials:

(x+1)?=(x+1)(x+1)=x*+2x+ 1

(x+1)3=(x+1)(x+1)(x+1)=x+3x*+3x+1
(x+1)*=(x+ 1)(x+ 1)(x+1)(x+ 1) =x*+ 4+ 6x* +4x+ 1

Asthe exponent increases, the math becomes more cumbersome. Pascal’s Triangle gives us a way to
expand binomials raised to any exponent.

If we look at the coefficients of the expansions in the above examples:

For (x+ 1)® the coefficients are: 1 2 1 These coefficients are rows 2, 3, and 4 of
For (x+ 1)® the coefficientsare: 1 3 3 1 Pascal’s Triangle! Remember that these can
For (x+ 1)* the coefficientsare: 1 4 6 4 1 be found using Combinations!!!

The coefficients are then multiplied by the terms x*, 3, x%, and x for these examples. These will change

according tothe binomial being expanded. To expand binomials in this fashion, we are using the
Binomial Theorem:.



The Binomial Theorem

The expansion of (a + b)", where n is a natural number, is given by:
(a+b)"= Cpa"b’ +,C,a" b+ Ca" 2b?+..+,,Ca'bh" 1+ C,a%b"

Toillustrate this more clearly, let's look at a few examples:



Example 1

5 4™ o
Expand (x +@
Solution = x

Since we are dealing with the 4" row of Pascal’s Triangle the coefficients would be:
4Co 4Gy Lo} aCs aCs

1 4 ) 4 1
The coefficients need to be multiplied by certain terms to complete the expansion:
The first coefficient will be multiplied by (x)*(2)°
The second coefficient will be multiplied by (x)?(2)*
The third coefficient will be multiplied by (x)*(2)?
The fourth coefficient will be multiplied by (x)*(2)
The fifth coefficient will be multiplied by (x)°(2)?
Thus, the expansion of (x + 2)* js:

(L)x)*(2)° + (A)x7(2)* + (B)(x)*(2)* + (4)(x)*(2F + (1}(x)°(2)*

= (1Hx*)(L) + (4)0x*)(2) + (8) (x*) (4) + (4)(x*)(8) + (1)(1)(16)

six'+ 83+ 242+ 32x1 + 16



Example 2
Expand (x + 33
Solution
sCo(x)?(3)° + sCalx*(3)* + sCa(x)?(3)* + sC3(x*(3F + sCalx}(3)* + sCs(x)°(3)°
= (1)) + (SHx*)(3) + (20)(3)(9) + (10)(x*)(27) + (5)(x*)(81) + (1)(1)(243)

= 1x° + 15x* + 90x3 + 270x2 + 405x! + 243
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