Day 60 - Laws of Logarithms after.notebook May 31, 2013

Understanding Logarithms
>

(g?\.a&(m w
* demonstrating that a logarithmic function is the inverse of an {\.o_ W
exponential function \&//7/\

Focus on...

* sketching the graphof y=1log x, c> 0, c# 1
* determining the characteristics of the graphof y=1log x,¢> 0, c# 1
* explaining the relationship between logarithms and exponents

* expressing a logarithmic function as an exponential function and
vice versa

* evaluating logarithms using a variety of methods
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For the exponential function v = ¢*, the inverse is x = ¢*. This inverse
is also a function and is called a logarithmic function. It is written as
v = log_x, where ¢ is a positive number other than 1.

Logarithmic Form Exponential Form
r exponent —1
log . x=y V= x

1— base —1

Since our number system is based on powers of 10, logarithms with
base 10 are widely used and are called common logarithms. When
you write a common logarithm, you do not need to write the base.
For example, log 3 means log,, 3.

logarithmic
function logarithm common logarithm
* a function of the form * an exponent * alogarithm with

y = log,x, where  inx= ¢ yis called the base 10

¢>0andc# 1, that logarithm to base c of x
is the inverse of the

exponential function
y=1c
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Write each of the following in logarithmic form
OGNS exp-
Ny S ;
a) 32=% b 2 =§ o x=10
base
AN\ _ -
hs 2=9 \03.3(‘5%" 5 “’3«3‘ 3
o
oy =4

Logarithmic Form Exponential Form I‘
expone nt M
log x = y‘_ _c! = X MJW

1— base —T

Write each of the following in exponential form

A
N %els I
a) log,16 =2 b) logz(ij =-5 c) log65=1.8129

\ S
tose 'a- =1 b‘s\n =
= &5
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Example 1 )
Evaluating a Logarithm
Evaluate.
a) log, 49 b) log, 1 c) log 0.001 d) log, V8
glet x =loq 4 ® X=lo ! ® X= l0q0.00!
% X=log, °3
e log 49 6= lO = ooo(
7=y 6~ o
X _2 X=0 X =%
7= .
. oo\ =D
X=3 g'-0 3
loq 42=3
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Example 2
Determine an Unknown in an Expression in Logarithmic Form

Determine the value of x.
a) log. x=-3

b) log, 36 =2

c]]ugmx:%

sogged blper abe

_ °
«53-_- X =36 & = x
='\'6 3 3-
‘3_’( = ™M) =X
= =6
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Questions from Homework
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General Properties of Logarithms:

Did You Know?

If C>0and C=1. then.. . o
. The input }ralue_
(l) l{:}gc 1 = O for a logarithm is

called an argument.
. ¥ For example, in the
C — - a
(11) lOg C =X expression log; 1,
o the argument is 1.

log. x

(111) ¢ =X

5|05le= 10
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Example 3
Graph the Inverse of an Exponential Function

a) State the inverse of f(x) = 3% \

b) Sketch the graph of the inverse. Identify the following characteristics |
of the inverse graph:
¢ the domain and range
* the x-intercept, if it exists
¢ the y-intercept, if it exists
¢ the equations of any asymptotes

0 Find the mverse.
$Q=3"

© 5:3"

® x=2

@ ngjfﬁx

) SJ(Y\)'-' \033x
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Solution
a) The inverse of y = f(x) = 3*is x = 37 or,

expressed in logarithmic form, y = log, x. Since the
‘ _ . ‘ . ' ‘ How do you know
inverse 1s a function, it can be written in function that y = log, xis

notation as f~'(x) = log, x. a function?

b) Set up tables of values for both the exponential function, f(x), and its
inverse, f~'(x). Plot the points and join them with a smooth curve.

CX,@J—V(:\,\D

flx) =3 f-'(x) = log, x | v Fm] 15 I
X 1 v J X || v J 8 ’1'
1 al AN ‘
—3 27 27 -3 °T 1] ’
l l 4 )' .
-2 9 g -2 N .
1 1 > ’
-1 3 3 -1 A .
0 1 1 0 < 1"~ >
’ Sl el dal 2lgl/ T 2T A6 8 %
1 3 3 1 1,
2 9 :
9 2 . A Flx)=llog, x
3 27 27 3 V=X T
f’ 5
ra \F

The graph of the inverse, f~'(x) = log, x, is a reflection of the graph

of f(x) = 3" about the line y = x. For f'(x] = log, x,

* the domain is {x | x > 0, x € R} and the range is {y | v € R}

* the x-interceptis 1 ¢

* there is no y-intercept

* the vertical asymptote, the y-axis, has How do the characteristics of

equation x = 0; there is no horizontal f!(x) = log, x compare 1o the
characteristics of f(x) = 37
asymptote
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Key Ideas

e A logarithm is an exponent.

e Equations in exponential form can be written in logarithmic form and

vice versa.
Exponential Form  Logarithmic Form
x=c v=log x

o The inverse of the exponential function y =c¢* ¢ > 0, ¢ #+ 1, is
x = ¢ or, in logarithmic form, y = log_ x. Conversely, the inverse of
the logarithmic function y = log_x, ¢ > 0, ¢ # 1,is x = log_y or, in
exponential form, y = ¢*

e The graphs of an exponential function and its inverse VA [ [dy—I27.-
logarithmic function are reflections of each other in the 4 .
line y = x, as shown. 7

2 s =l

e For the logarithmic function y = log_ x, ¢ > 0,c# 1, /
= the domainis {x | x> 0,xe R} ~ _la _E—,g > | A %
= the rangeis [y | y € R} {_x/’ 2| V=g lx
= the x-intercept is 1 . 4
= the vertical asymptote is x = 0, or the y-axis 1 ¥

o A common logarithm has base 10. It is not necessary to write the base
for common logarithms:

log,  x = log x

10
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Homework

#1-5, 8, 10, 12, 13, 17 on page 380
® NO=LIF = Se=\\"

& Find Hhe .\i\\l(( Se
O ye L\ ¥
@ x= \.\\5
® \°3\.\x- 3 o 3=\°3:‘-\%

® 3-‘(75': \03‘.\*
(Vo= e, |

B N®=1"  Cuen N®- oo

11
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8.1 Understanding Logarithms, pages 380 to 382

1. a) i) 2 N
2
yi=2* ad
e -
N 2 2 | %
S|/
| v|= log, x
w
b) i) [ [v&
\[4] V=108, %
o 3
vl [}
P F T 18]
ol . & %
L 4 R
2.a) log, 144 =12
) lugm 0.000 01 = -5
3.a) 5°=25
¢} 10 =1 000 000
4.3a) 3 b) O
5. a=4; b=5

ii) y=1og, x

iii) domain
x|x=0 xR},
range (v | v € R},

x-intercept 1, no
y-intercept,
vertical asymptote
x=0

ii) y=1og, x
iiii) domain
x|x=0 xR},
range [v | v € R},
x-intercept 1,
no y-intercept,
vertical asymptote
x=0
log, 2 =
log (v +3)=2x
z
8 =4
11¥=x+3
1

3 9

| =

-3

10.
11.

12.
13.
14.
15.
16.
17.
18.

19.
20.
21.
22.
23,

May 31, 2013

a) v= luzlg5 X
b) VA § domain [x | x> 0, x € R},
| JyL5 | rangely|yeR])
T ’; x-intercept 1,
/ no y-intercept,
Z vertical asympiote x =0
- T
EF 2 | X
2.
“v=Tpglx
L
They are reflections of each other in the line v = x.
a) They have the exact same shape.
b) One of them is increasing and the other is
decreasing.
a) 216 b) &1 c) 64 d) 8
a) 7 b) 6
a) 0 by 1
-1
16
a) t= logl_] N b) 145 days
The larger asteroid had a relative risk that was
1479 times as dangerous.
1000 times as great
5
m=14,n= 13
4an
y=3

12
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Product Law of Logarithms

The logarithm of a product of numbers can be expressed as the sum of
the logarithms of the numbers.

log. MN = log M + log_ N
Proof

Let log. M = x and log_ N = v, where M, N, and c are positive real
numbers with ¢ # 1.

Write the equations in exponential form as M = ¢*and N = ¢":
MN = (c¢¥)(cY)

MN = c**¥ Apply the product law of powers.
log MN=x+y Write in logarithmic form.
lr:)g‘C MN = ]ogc M + ]ogﬂ N Substitute for x and y.

Ex. \033’?3 = \03;? + \oﬂiblj

\13;31 +lg3 = \03_5(37 ) = \033‘6\ -4

13
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Quotient Law of Logarithms

The logarithm of a quotient of numbers can be expressed as the
difference of the logarithms of the dividend and the divisor.
log, ﬂ—j\d; = log, M — log. N

Proof
Let log. M = x and log, N = y, where M, N, and ¢ are positive real
numbers with ¢ # 1.

Write the equations in exponential form as M = ¢*and N = ¢*:

M_ ¢
N
% = cX¥ Apply the quotient law of powers.
log M _ X—y Write in logarithmic form.
¢ N
log, % =log M — log N Substitute for x and y.

May 31, 2013

14
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Power Law of Logarithms

The logarithm of a power of a number can be expressed as the exponent
times the logarithm of the number.

log M" = Plog M How could you prove the quotient law
- - using the product law and the power law?

Proof
Let log M = x, where M and c are positive real

numbers with ¢ # 1.

Write the equation in exponential form as M = ¢*.

Let P be a real number.

M = c*
MP = (c¥)P
MP = ¢*F Simplify the exponents.
log M" = xP Write in logarithmic form.
log. M" = (log, M)P Substitute for x.

log. M" = Plog. M

The laws of logarithms can be applied to logarithmic functions,
expressions, and equations.

Ex  Joo 125 — \0355
=
g,
% ‘%"5
_\g(s)
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Example 1

May 31, 2013

Use the Laws of Logarithms to Expand Expressions

Write each expression in terms of individual logarithms of x, y, and z.

a) log, 5 = log X + log 4y~ legZ

b) log, VX = \031)(\: =

A loa %
3 o

—

=\03x3- \033-\03&
- 3\453\403*3“\;"5"

L

16
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Example 2
Use the Laws of Logarithms to Evaluate Expressions

Use the laws of logarithms to simpli Vell evaluate each expression. ,
a) log, 8 +1log, 9 —log, 2 = \05% = \os;% = ’
b) log, W7

¢) 2log, 12 — (log2 6+ = log, 2?)

R
= \0317 +\u5_,'ﬁ = \03;\3 - Q%;E,-\. \03;}14)
> o 4 (ool 3)
= L+ (| 3 = \033\"“ - \033\‘5

lagg L
3

i
4
}_.
h

17
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Example 3 l
Use the Laws of Logarithms to Simplify Expressions

Write each expression as a single logarithm in simplest form. State the

restrictions on the variable.
5 log, x

a) log, x* + log, x —
b) log, (2x — 2) — log, (x* + 2x — 3)

®) \o3.,x°+ \03_,)( - i\uhx

x-\-\ X - \0‘3_'
_\031@% N B

\031(—%\5/ =X T =X

- \“}\K
- ’ébl'c

18
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e Let P be any real number, and M, N, and c be positive real numbers with ¢ #+ 1.
Then, the following laws of logarithms are valid.

Name Law Description

The logarithm of a product of numbers is the sum of the
logarithms of the numbers.

Product  log, MN=log, M + log_N

. M The logarithm of a quotient of numbers is the difference
uotient log + =log M — log N
Q BN B e of the logarithms of the dividend and divisor.
The logarithm of a power of a number is the exponent

P _
Power log M"= Plog M times the logarithm of the number.

e Many quantities in science are measured using a logarithmic scale. Two
commonly used logarithmic scales are the decibel scale and the pH scale.

19
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Do I really understand??...

a) Express the following as a single logarithm .. 2log, 3* +log, 6 - 3log, 3
1
b) Evaluate the following. .. log,(32)°

¢) Express the tollowing as a single logarithm. .. [{ logs a+ 2log. b)) 3log;, ]

d) Express as a single logarithm in simplest form...

%{ll'lcgé x? —2log, x I+8log, «.,E—-Ilogb xl—T:|

20
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May 31, 2013
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