Day 26 - Transformations of Logarithmic Functions continued after.notebodkctober 09, 2013

Understanding Logarithms
C\r\av\"ﬁf% GPO%Q?D’KD

Focus on...

e%%@.%(&\) ')D‘ero \vene Y=x

. o \
» demonstrating that a logarithmic function is the inverse of an
. . —_——
exponential function

* sketching the graph of y=1log x,c> 0, c+ 1
* determining the characteristics of the graphof y=1log x,¢> 0, c# 1
* explaining the relationship between logarithms and exponents

* expressing a logarithmic function as an exponential function and
vice versa

* evaluating logarithms using a variety of methods
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For the exponential function y = ¢¥, the inverse is x = ¢’. This inverse
is also a function and is called a logarithmic function. It is written_as
v = log_x, where ¢ is a positive number other than 1. C?Q%Q 3—\58

—_—
Logarithmic Form Exponential Form
r exponent —1
log . x=y V= x

1— base —1

Since our number system is based on powers of 10, logarithms with
base 10 are widely used and are called common logarithms. When
you write a common logarithm, you do not need to write the base.
For example, log 3 means log,, 3.

logarithmic
function logarithm common logarithm
* a function of the form * an exponent * alogarithm with

v = log_x, where base 10
c>0andc+# 1, that
is the inverse of the

exponential function
y=1c

* inx= ¢, yis called the
logarithm to base c of x
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Write each of the following in logarithmic form

\03935=54\ — )2

5= > ‘ﬁi—;ﬂ

Logarithmic Form Exponential Form
r exponent _l
log. x=y =X

1— base —T

Write each of the following in exponential form

a) log,16=2 /Qx? b) logz(%) =-5 c) log65=1.8129
T\
hw onsuwtC -5 ) Kq4rkt
S ’6 = l \0 = 65
9 =6 ] %

\o=4*
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Example 1 )

Evaluating a Logarithm

Evaluate. (Sa\\m\q’ $of an CX@‘\?'\%
a) log, 49 b) log, 1 ¢) log 0.001 d) log, V8

oo\.écx=\03.,“q \s;l.z\'x=\036\

fofon
7!(: Raegd\;?m — @=6°
=3 K.;
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Example 2
Determine an Unknown in an Expression in Logarithmic Form

Determine the value of x.
a) log. x=-3 2 \) ‘% = 2
b) log 36 = 2 03\035 = D N

2

c) ]DgMXZE 6% )(3236

L\ =% =2
S
(C\'m& x=b
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Example 3 —O_
Graph the Inverse of an Exponential Function

a) State the inverse of f(x) = 3~

b) Sketch the graph of the inverse. Identify the following characteristics
of the inverse graph:
¢ the domain and range
¢ the x-intercept, if it exists
¢ the y-intercept, if it exists
¢ the equations of any asymptotes

To Find Teweese

» §6)=3"
4= Redoce S&) v )
x=3" (Swkdn X&)

g

LB= \‘33)( \(So\\e—%( SD—’B@@S n ‘osxci‘(\u\(({'-d'v

or S.tmz\%*

§ Q=3 —> 5-.&): \oaax
D {x\xed ) DX\ x>0 xer]
B lylpo sty o R{y\yent
%Wk oone %t . (1,0)
w0 y- 1k none
» WKL y=0 ® VR X=0
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Solution
a) The inverse of y = f(x) = 3*is x = 37 or,

expressed in logarithmic fD‘T[I\l: log, Ji.]Since the
How do you know

inverse 1s a function, it can be written in function that y = log, x is

notation ag f'(x) = log, x. a function? yue
posses the vgma\'lu(

b) Set up tables of values for both the exponential function, f[x ), and its line
inverse, f~'(x). Plot the points and join them with a smooth curve.

1! ' #
9 fx=3 | ® 1(x) =log, x | e .
o fiX) = 3 .
X v ! x v | 8 .7
1 1 | ‘
—3 27 ﬁ —3 tc: ,( 7
l l 4 )' .
-2 9 g -2 N .
1 1 2 ’ B
—1 3 3 —1 = . .-______..-—
" L=
0 1 1 0 < — Pl >
Sl el dal 2l 21 46| 8 %
1 3 3 1 1,
L 2 9 L dl
9 2 . A Flx)=llog, x
3 27 27 3 V=X T
I’ 5
s ‘r

The graph of the inverse, f'(x) = log, x, is a reflection of the graph
—_—

of f(x) = 3* about the line y = x. For f~'(x) = log, x,
—————

* the domain is {x | x > 0, x € R} and the range is {y | v € R}

* the x-intercept is 1 ( o

* there is no y-intercept

* the vertical asymptote, the y-axis, has How do the characteristics of

equation x = 0; there is no horizontal f!(x) = log, x compare 1o the
characteristics of f(x) = 37
asymptote
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Key Ideas

e A logarithm is an exponent.

e Equations in exponential form can be written in logarithmic form and
vice versa.

Exponential Form  Logarithmic Form
x=c v=log x

o The inverse of the exponential function y =c¢* ¢ > 0, ¢ #+ 1, is
x = ¢ or, in logarithmic form, y = log_ x. Conversely, the inverse of
the logarithmic function y = log_x, ¢ > 0, ¢ # 1,is x = log_y or, in
exponential form, y = ¢*

e The graphs of an exponential function and its inverse VA [ [dy—I27.-
logarithmic function are reflections of each other in the 4 .
line y = x, as shown. 7

2 s =l

e For the logarithmic function y = log_ x, ¢ > 0,c# 1, /
= the domain is {x | x > 0, x € R} ~ _la _E—,g > | A %
= the range is [y | y € R} ',_x/’ 2| V=g lx
= the x-intercept is 1 . 4
= the vertical asymptote is x = 0, or the y-axis 1 ¥

o A common logarithm has base 10. It is not necessary to write the base
for common logarithms:

log,  x = log x
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Questions from Homework

8. a) If f(x) = 5*, state the equation of the . %
inverse, f'(x). o) I\w& . S(X)‘-‘-s
b) Sketch the graph of f(x) and its inverse. SK
Identify the following characteristics of 5 =
the inverse graph: 3
¢ the domain and range X =5

e the x-intercept, if it exists

e the y-intercept, if it exists 3 = \ 0 h
e the equations of any asymptotes m
WV

For tha cusve o the cunve
3= 5% 5'(x)=\q35x
D; {xIxeR} w D. {x1x0,xen}
R Y\yo Ry %% {ylyeh)
X-1nt. none. %k (1,0)
3-\“‘1 CO,B 5-\1* nene
“R.. 3.;0 Vﬁ: A=0
5Q=5" 50~ \ca R
e xlu
-3 | %s % |-3
-l % % |-
o1\ 1 |o
V1S 5 ||
3 |3 5 13
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17. The growth of a new social networking

site can be modelled by the exponential
function N(t) = 1.1, where N is the

number of users after t days.
a) Write the equation of the inverse.

b) How long will it take, to the nearest
day, for the number of users to exceed
1 000 0007

 ND= \.\E

SO=\\*
\\Bz \.\7‘

X = W\

Y = log X
5“®=\°3 "

‘.\

10
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Transformations of
Logarithmic Functions

Focus on...

« explaining the effects of the parameters @, b, h, and k in y = alog_(b(x — h)) + k on
the graph of y = log_x, where ¢ > 1

« sketching the graph of a logarithmic function by applying a set of transformations to
the graph of y = log, x, where ¢ > 1, and stating the characteristics of the graph

Remember:
Parameter Transformation
a (x. ¥) — (x ay)
b x93 Y]
h (X ¥)— (x+ h )
k (X ¥)— (X y+k

11
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Example 1 &
Translations of a Logarithmic Function

a) Use transformations to sketch the graph of the function
v =log, (x +9) + 2.
b) Identify the following characteristics of the graph of the function.
i) the equation of the asymptote  ii) the domain and range
i) the y-intercept, if it exists iv) the x-intercept, if it exists

¥,
D y=log (2
o=l b=l h=-0 %2

OTrm‘a(‘ca 9 4o the |+
ond 3 up

. “\npp\ls 6(,33——96(4 N 3-\-'9
0= | yelgx 1 \gg \%&é’b +

L
-2 E K -9 B o xm
-1k % |- % |1
o\ v |© -% |2
s 3|\ ¢ |3
319 q | O ¥y ip«-
VA
p—— 4'7:_[5@_3'_)(1 )+ 2 :
y=108; X 3
‘“ﬁ—a -6 -4] -2 0( 2 | 468X
] v
b) Identify the following characteristics of the graph of the function.
i) the equation of the asymptote i) the domain and range
iii) the y-intercept, if it exists iv) the x-intercept, if it exists

G VA, X=-9_
00 DL X 1%>-9 xef
1. {_3\\3&?\\
¢ai) 3-;’;&: (Lrx=0) (04)
V) Xt (l)uy@ (’%,Cb

12
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Example 2 —}

Reflections, Stretches, and Translations of a Logarithmic Function

a) Use transformations to sketch the graph of the function
y = —log, (2x + 6).
b) Identify the following characteristics of the graph of the function.
i) the equation of the asymptote
ii) the domain and range
iii) the y-intercept, if it exists
iv) the x-intercept, if it exists

o) 5- -53'6:(*\6
/ ba,a(x-é)

o=-| L- h--’s k=0
BoH VR x=-3
an D fx| x>35eR)
& Lylyent
GiiD) goiok: (&x<0) ¢ %-ivk (Lek y=O)
=-‘%‘®"€) 3- "05 (.3"“9
y=-log (4616) o--'a;.MV“‘
. T o= \03‘(3%@&"5'"
‘%5'; 5- | ‘e b E?:
2 Y=-oss _ \ = Vb
(0,.) .58) S=ax
.%.x
&é% )q or &)5,@)

w‘;«\c

S=3t  wlgx [0
RUrE - xlg
-3 |% % |- %2
-1 |k X |- % |
o |1 L3 K % |0
\ l; s |\ -3 |-l
3 'Y 412 -1 1=

va

< L\ N

Y 16 | 8 |X

= +log, Px

ﬂv = —|log, (‘:{;:;ﬁl

13
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Key Ideas

e To represent real-life situations, you may need to transform the basic
logarithmic function y = log, x by applying reflections, stretches, and
translations. These transformations should be performed in the same
manner as those applied to any other function.

@ The effects of the parameters a, b, h, and kin y = a log_(b(x — h)) + k
on the graph of the logarithmic function y = log_x are shown below.
Vertically stretch by a factor of |a| about the I—» Vertically translate k units.

x-axis. Reflect in the x-axis if a < 0.
y=alog (b(x— ) +k

Horizontally stretch by a factor of ‘lb| about the I I Horizontally translate h units.
y-axis. Reflect in the y-axis if b < 0.

@ Only parameter h changes the vertical asymptote and the domain. None of the
parameters change the range.
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Homework

Questions #1, 2, 4, 5, 8, 11 on
page 389 - 391

15
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