Day 54 - The Fundamental Theorem of Calculus continued after.notebook May 09, 2014

Warm Up

Find the area under the curve forf(x) = x3 - 6x
between x = 0 and x = 3 using antiderivatives.

In practice we choose the antiderivative where C =0

SSK‘B_& 6* _ %{i—&g [ Area = - 27/4
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The Definite Integral

When we computed the area under a curve by summing the
areas of many rectangles, the limit took the form....

,.hnl!Elf(x'*) Ax = ,.Iml [f(xi*) Ax + f(xHNAx + --- +f(I,T)A_1'I

(this also arises when we try to find the distance traveled by an
object)

It turns out that this same type of limit occurs in a wide
variety of situations even when f is not necessarily a positive
function. Limits of the this form also arise in finding lengths of
curves, volumes of solids, centers of mass, force due to water
pressure, and work, as well as other quantities. We therefore
give this type of limit a special name and notation.

2] Definition of a Definite Integral If f is a continuous function defined for
a < x < b, we divide the interval [a, b] into n subintervals of equal width
Ax = (b — a)/n. We let xo (= a), x1, X2, . .., x, (= b) be the endpoints of these

subintervals and we choose sample points x ¥, x¥, ..., x¥ in these subintervals,
so x7 lies in the ith subinterval [x;-, x;]. Then the definite integral of f from a
bis

[ = tim 3 7et) ax

NOTE 1 o The symbol | was introduced by Leibniz and is called an integral si
an elongated § and was chosen because an integral is a limit of sums. In the no
.I': f(x)dx, f(x) is called the integrand and a and b are called the limits of in
a is the lower limit and b is the upper limit. The symbol dx has no official
by itself; _ﬁ’ f(x)dx is all one symbol. The procedure of calculating an integral is
integration.

0 a b x

FIGURE 2 "
If f(x)= 0, the integral | f(x)dx is the
area under the curve y = f(x) from a to b.
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The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus, Part2 If f is continuous on [a, b], then

[" () dx = F(b) = Fla)

where F is any antiderivative of f, that is, a function such that F* = f.

Use the FTC to evaluate each of the following definite integrals

3cdx = 15
[x ﬂ

Y |5
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5
I (2x° =3x* +7x+2)dx

= ..qu "(‘5-»1* +3x .l
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The Fundamental Theorem of Calculus
The Fundamental Theorem of Calculus is appropriately hamed

because it establishes a connection between the two branches of
calculus: differential calculus and integral calculus. Differential
calculus arose from the tangent problem, whereas integral calculus
arose from the seemingly unrelated problem, the area problem.
Newton's teacher at Cambridge, Isaac Barrow (1630-1677),
discovered that these two problems are actually closely related.

In fact, he realized that differentiation and integration are
inverse processes. The Fundamental Theorem of Calculus gives the
precise inverse relationship between the derivative and the
integral. It was Newton and Leibniz who exploited this relationship
and used it to develop calculus into a systematic mathematical
method. In particular, they saw that the Fundamental Theorem
enabled them to compute areas and integrals very easily without
having to compute them as limits as we have been doing in the past
couple of days.

(Stewart 4™ Ed. - pp. 391)
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Use the Fundamental Theorem of Calculus
to

__find the area under the graph of:

f(x)=x?> betweenx=0and x =1

s

= _[...Q
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find the area under the graph of:

f(x)=2x2-3x+2 betweenx=0and x =2

Use the Fundamental Theorem of Calculus
To

?

2 5 3 ?
A:L(2x —3x+2)dx = %)_‘-%‘-\-ax]o A:?
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Use the Fundamental Theorem of Calculus to
find the area under the curves:

4 5 3 4
A= [ (x*+2dx = g_*ax] 468
2 3 Y 3

= % ‘\'%-Y’% -\-"\‘S

= ig +%-§._6-"‘\

3
A=—e —¢

A

I
=,

mH

-

n

Cx
L—-—-‘v,

Be careful, what about this one??? Why is it different?? Does the FTC apply???

A_sldx_'a.‘a— 3-_'_\/1:—

a X
) =1

The FTC applies only to continuous functions over the interval [a,b]. Since there is infinite

discontinuity at x = 0, it is not continuous on [-1,3]. This integral does not exist. We cannot
compute the area!!!
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Homework

Exercise 10.1 - Red Book - pp. 454 #1

Exercise 11.2 - Red Book - pp. 505 #1 -4
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Questions from Homework
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How do we interpret a negative area?

B
= ,;Il{[rlu Zf(n)n
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Notice that the value of the integral in Example | is a negative
number. This is not surprising because the function = e
kes on both positive and negative values for 0 = « = 5. and so e
does not represent an area, In the following example we com
€ of the approximating sum for n = 10 and show that

ing diagram illustrates Example 2. Notice that the ﬁmﬁim
is positive for 0 < x < 3 and negative for 3 < r = 5.
on 10.4, the areas of the grey rectangles represent the first
in the sum. The areas of the red rectangles are the negatives
ist four terms in the sum. Thus the total sum represents the
of the rectangles that lic above the x-axis minus the arcas of the
es below the x-axis.

This will enable us (o see what the integral does represells
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A= (4-x)dx
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