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Substitution Rule

It often arises that we need to integrate a function
which does not follow one of our basic integral formulas
therefore other techniques are necessary.

One such technique is called Substitution that
involves a change of variable, which permits us to
rewrite an integrand in a form to which we can apply a
basic integration rule.

Substitution Rule for Indefinite Integrals
If u=g(x) .then [f(g(x)g'(x)dx = [ f(u)du

Substitution Rule for Integration corresponds...
to the Chain Rule for Differentiation.

Let's do an example...
Find
" _[(xz —5)%2xdx

In using the substitution rule, the idea is o replace
a complicated integral by a simpler integral by changing
to a new variable u.

In thinking of the appropriate substitution, we try
to choose u to be some function in the integrand whose
differential du also occurs. (ignoring any constants)

So using the above example we have...

Let: - pPPttans -
N B e
u=x"-5 T ‘a
du =2xdx """ 5(“\ W
<%
=L &+ C
9
. q
X -9 +C
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Evaluate each of the following:

X’ Isin 4 xcx
_[ dx
V- x°
u= bx - j‘ _xa_ I w= 4y =56‘.'“‘ °('4'J“>
du= 20 dx Q-x°)e du="4dn

_%dv\:‘iﬁsé“‘k SQD (‘&) Ldu= 0X “Sﬁ‘"\béu

L

'-13-";“\6"'(-' = "._I‘_-m 4'(.
= -%(\-x‘)\‘s +C = etk 4 C

2
=-2(1-x)"+cC =—lcos4x+C
3 4
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Evaluate each of the following:

J-ln_xdx =S o -&a'* _[(2 +sin x)"° cos xdx

X
: 0
L= \nx =Sud“ W=+ snxK =jlk‘ AL\
deldn o s X3 o
* o =0 4C '%"A‘*'C’

B . 0l
-l C - L) <€

0

1 :
. ZH(2+smx)“+C
=—(nx)’+C
2
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Evaluate each of the following:

_[2=3£"/_1_"'_3‘-sz J.x3 cos(x" +2)dx
-5 u? du et - feoskd)-

ml_;zd; w= 4R dx
=§“%+C ﬁ-aﬁ C o ——Sw@"“
<3 +C - Ls'ﬂ“ +C

- _lism&_'f@)%

ZE(IE +1) 4
3 Esm(x +2)+C
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Evaluate each of the following:

% 1=ax”
wzdetl =W '%a“ as ¢ % 4
On= 2K _ lsu%&“ Jus-™Ix S“ -(,8 q

L du= OX ? ) du= XOX \ .\,SJ
== W
= .L.&\:?fS +C S“
a;‘:’ —l.'au%-c,(.
= lg +*C ]
3 35 = -—‘-&%.‘C
= \(3_@ +C '{
1E :-‘m ‘\'C
= _{2x+1Y"* +C <
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Evaluate the following:

May 26, 2014
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Evaluate: J‘ Wxi dx

appropriate substitution becomes more obvious if we
factor x5 as x* x

W= \+x?’.\
dv\: 80(6 _ 2
e |7 ST ()

) b= LGue (o) du
Y= -

$ = Qk\ﬁ = L \:/5 (\: Dur du

Nt

Q’I—'
Y
¢

b
<
W
s
+
-

z)m 2
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Homework - Exercise 11.3 - pp. 511-512 - Q.1 -3
RED BOOK
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Let's do one where the higher degree is not under the
radical, but outside... how do we handle this????

Ixzx/8x+5dx

sz b 8x+ de well let u= \/m

u2—5_

u2 =8x+5 and 8
So

X

2udu = 8dx
And

1

—udu = dx
4

Now let’s start the integraon:

= [%*\/Bx+5dx
_j(” _5] (—uduJ
zj(u —1(:; +25J(u?du]

_J-u6 —10u* +254°
256

du

SIS
256

Now integrate, | brought out the 1/256 (makes it funner) lol.....

1 7 3
_ u__2u5+25u
256( 7 3 ).

So, now fill in for u and simplify......

u® —10u” + 25u*du

7 3
1 | Bx+5) > 25(8x+5)? .

=—| ————2(8x+5)> +
256 7

a1/21 as well as (8x+5)*3/2
3

(8x+5)?
T[3(8 x+5)° —42(8x+5)+175 |+ C
and get....
3
m[] 92x" ~96x+40 ] +C
5376
reduce
3
2
- M[zw ~12x+5]+C
672

3
2
(CAE) [242* ~12x+5]+C

therefore

maybe now factor out

mulply this out

and then you can

amazing!

May 26, 2014
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Questions From Homework

@d) jX-\-\ - g( W= )?*30“‘%
K6 du= x~D dx
.56\9 X4\ dx

= _L\Y\\\A\ + C
3

11
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When performing a definite integration using
substitution, we have to change the limits of integration
so that they are the appropriate values of u.

Substitution Rule for Definite Integrals
b )
If u=g(x) .then [ f(g(x)g'()dx=[ f(u)du

Example

J'de_ =Se, « 3du

wa i ax? = 33 “6“
duz\—g:%&xal_ém a

T
- ge' ‘\
A = %d‘x L

Q‘WCB =2€.3 9(.‘ =2(e’ —¢)
i ’%(c-\\
-32 e+\ (-\3

Find the area under the curve

Am ;dpSJ—(a*)

0 2x+1
el
du= 2dx
Adu= X .\_\n\d'x
: 9\*\23 = -\_\‘\3 L\‘\\

O B(QX \= -
W=l = J;hﬁ .g(o}

~ s
2
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Evaluate: 2%

Jj ~N2x +1dx

n=axyl = 5‘ u% '%&\
du= dx
Jidw =4S "B
X |
Xy = \l.2u
AR
SAus i
"3 A "
TO I
) S
=921 -1
3 D

oF
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Evaluate:

e |
J.l%dx =

)
c
Q-
<

1
9] o
T
<

6
wu= \f\x 2 2
d
du= L dx =0 -
% P} o
a\\ = L-0
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Homework - Exercise 11.3 - pp. 511-512 - Q. 4 and 6
RED BOOK
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Warm Up

Find: Isz sin(4x” +1)dx
Jlxm’ 2x* —5dx

Icot xdx

May 26, 2014
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Differential and Integral
Calculus 120

j Integration by Parts j
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As we have discussed before, every differentiation

rule has a corresponding integration rule.

The rule that corresponds to the Product Rule for
differentiation is called the rule for integration by parts.

The product rule stated that if f and g are

differentiable functions, then

d
- [F0g] = Feg'(x)+ g (x)

In the notation for indefinite integrals this equation

becomes... J'[f(x)g' (X)dx+ g(x) /' (x)ddx] =

or

which can be rearranged as:

f(x)g(x)

[ rog (ods+ [ g€/ (e = £ (x)g(x)

[ Ft0g' s = F0)gx) - [ g (x)dx

this formulas above is called

the formula for integration by parts

It is perhaps easier to remember in the following

notation..... Let | u=f(x)and
then the differentials are: du = 1 (x)dx

v=g(x)
dv=g'(x)dx

And by the Substitution Rule, the formulas becomes...
[ 70)g' s = £ (20— [ g/ ()

Integration By Parts
Iudv =uv— lea’u

Let's do an example.... Find: .[xSin xcdx

It helps when you we need to make an appropriate

. . choice for u and dv
stick to this pattern:

’
’
= dv= 'II

U= = /

/

/
du= v= III
/

1
7

Again, the goal in using 'in‘regr'a’rion by parts is to
obtain a simpler integral than the one we started with...
so we must decide on what u and dv are very carefully!

% In general, when deciding on a choice for u and dv, we
usually try to choose u = f(x) to be a function that

becomes simpler when differentiated...

(or at least NOT more complicated)
as long as dv = g'(x)dx can be readily integrated to give v.

Let's do an example.... Find: Ixsin xé;
u &

It helps when you
stick to this pattern: = \KM 'S.(& dx

u= X dv = SRdx .-xmkg@

di = \d‘x

b "X o etk 4Smon +C

=—xcos x+sin x+C

May 26, 2014
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Find: J-xexdx

It helps when you
stick to this pattern:

Uy = dv =

du= V=

Find: J-x cos(3x)dx

It helps when you
stick to this pattern:

= dv:

du = V=

May 26, 2014

=xe —e " +C

=lxsin 3x+10053x+C
3 9
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