Day 17 - Permutations Special Cases after.notebook September 26, 2013

Warm-Up

In how many ways can a teacher seat four girls and three boys in a
row of seven seats if a boy must be seated at each end of the row?

3 X 5 ¥ 4 % 3 ¥ 2 X 1 X 2
(Seat 1) (Seat 2) (Seat 3) (Seat4) (Seat5) (Seat6) (Seat 7)

=T0 '?osstuc ways fo seat ‘“v.slcuéo.ﬂ‘cs
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Permutations

Focus on...

e~%olving counting problems using the fundamental counting principle

«*~determining, using a variety of strategies, the number of permutations
of nelements taken r at a time

* solving counting problems when two or more elements are identical
w~solving an equation that involves P notation

How safe is your password? It has been suggested that
a four-character letters-only password can be hacked in
under 10 s. However, an eight-character password with
at least one number could take up to 7 years to crack.
Why is there such a big difference?
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The arrangement of objects or people in a line is called a linear
permutation. In a permutation, the order of the objects is important.
When the objects are distinguishable from one another, a new order
of objects creates a new permutation.

Seven different objects can be arranged in 7! ways.

7! = (7)(6)(5)(4)(3)(2)(1) Explain why 7! is equivalent to 7(6!) or to 7(6)(5)(4!).

permutation hﬁj m&5 "'.“ ?ﬁfw\\ik'mx\;fs:

* an ordered e |N oréd‘\ AN \\-M) N & tow) .

arrangement or

sequence of all or part ® G(favm) .
of a set
st o
« for example, the ® \ \} 3 or u‘. S\"rl h?l-

possible permutations \

of the letters A, B, and

Care ABC, ACB, BAC,

BCA, CAB, and CBA

1 lebler 2™ Lo 34 et ?%:::a \ore

C — B
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Example

The notation P, is used to represent the number of permutations,
or arrangements in a definite order, of r items taken from a set of

!
I n € N.

n distinct items. A formula for P is P = [ TR
n—r)!

r

If there are seven members on the student council, in how many ways
can the council select three students to be the chair, the secretary, and
the treasurer of the council?

Using the fundamental counting principle, there are (7)(6)(5) possible
ways to fill the three positions. Using the factorial notation,

71 _ ()(6)5)@)E)2)0)
4! BB

= (7)(6)(5)
= 210
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The notation P, is used to represent the number of permutations,
or arrangements in a definite order, of r items taken from a set of

— . . n!
n distinct items. A formula for Pis P=———, ne N.
mr nr [H _ I’]'
NnN=1 s‘L\AA ewsvs ="
Using permutation notation, _P, represents the number of arrangements l Did You Know?
of W_ob]ects taken from a set of seven objects. The notation nl was
p—_17 introduced in 1808
78T (7 — 3)! by Christian Kramp
71 (1760-1826) as a
-1 convenience to the

printer. Until then, n|

= 210 had been used.

So, there are 210 ways that the 3 positions can be filled from the
7-member council.
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Example 2
Using Factorial Notation

a) Evaluate P, using factorial notation.
b) Show that 100! + 99! = 101(99!) without using technology.
¢) Solve for n if P, = 60, where n is a natural number.

Q) “‘?f- (\‘
(n-0)!
y= A = AL _ 9xExTXe =364
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In general, a permutation is an arrangement of objects in different orders, where the order of the
arrangement is important!!!

[f"mn”is the size of the sample space, and “r” is the number of items chosen on each trial, then the total
number of permutations is written as:

) #l
oPr and is calculated as Pr= —)I
[ F7—F)!
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Questions from Homework
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Permutations With Repeating Objects

Consider the number of four-letter arrangements possible using the letters
from the word pool.

pool opol oopl oolp polo oplo olpo olop ploo Ipoo lopo loop
Reol opol oopl oolp polo oplo olpo olop ploo Ipoo lopo loop
If all of the letters were different, the number of possible four-letter
arrangements would be 4! = 24,

There are two identical letters (o), which, if they were different, could be
arranged in 2! = 2 ways.

The number of four-letter arrangements possible when two of the letters
!
are the same is % = 22—4 or 12. Why do you divide by 2P {RGaLSe ‘6\1 O VQ.P’QCA'S
%uo\de
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*’A set of n objects with a of one kind that are identical, b of a
second kind that are identical, and ¢ of a third kind that are

a)

b)

identical, and so on, can be arranged in

Example 3
Repeating Objects

a'b'c'

dlfferent ways.

a) How many different eight-letter arralgements can you make using the

letters of aardLark? A3

B

b) How many paths can you follow from A to B in a

four by six rectangular grid if you move only u

or to the right? ,\Auugﬁe\?\“‘?\i ’

Solution

There are eight letters in aardvark. There are 8! ways to arrange eight
letters. But of the eight letters, three are the letter a and two are the
letter r. There are 3! ways to arrange the a’s and 2! ways to arrange the

3360.

r’s. The number of different eight-letter arrangements is 3?2|

Each time you travel 1 unit up, it is the same distance no matter
where you are on the grid. Similarly, each horizontal movement is the
same distance to the right. So, using U to represent 1 unit up and R to
represent 1 unit to the right, one possible path is UUUURRRRRR. The
problem is to find the number of arrangements of UUUURRRRRR.

10!

The number of different paths is —= = 210. Where did the numbers
4!6! 10, 4, and 6 come from?

3!
301

ol _al0

64

= 3260

10
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Circular Arrangements

When objects are arranged along a line with first and last place, thev form a linear permutation. So far we
have dealt onlv with linear permutations. When objects are arranged along a closed curve or a circle, in
which anv place mav be regarded as the first or last place, thev form a circular permutation.

The penmutation in a row or along a line has a beginning and an end, but there is nothing like beginning
or end or first and last in a circular permutation. In circular permutations, we consider one of the objects

as fixed and the remaining ohjects are arranged as in linear penmutation.

For example, the following arrangements of 4 people, P1, P2, P:. Py, in a circle would be considered as the
same arrangement.

P} P4 Pl P:

Py P: P Py P2 Py Pa P

Pl P: Pl P4

Here we see that when n = 4, there will be 4 repetitions.

11
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In general, to calculate the number of wavs that “n” items can be arranged in a circular fashion, the
following formula is used:

Example

The 12 members of the student council are to be seated at a round table. In how manwv wavs can thev be

Amanged?

Solution

Sincen=12,

H R

1
LR,

_ 475001600
12
=39 916 800

There are

OR

—_—

in— 1}
={12-1)!

=11!

=39916 800

wavs that the members of the student council can sit around the round table.

12
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Example 4 =

Permutations with Constraints
Five people (A, B, C, D, and E) are seated on a bench. In how many

ways can they be arranged if
a) E is seated in the middle? b) A and B must be seated together?

¢) A and B cannot be together? J\“*’ & E

3l S !’ ™ H

by Swce AYB must be saxted dogethar
there ofe 3l =3%\=2Waus of

““”\3:“3 Traen (AB o 'U\)

Since Rord D must be sexted ""’"f“‘f"
we Con thik oF Hhen os \uivx3 o0R o\sf&

% My okx.és o 4o (RB,C,D,‘E)
which @n b afe “"3‘5 n 4] =3 ways

The Ttotel nun\\xf' ot ommazwm\s
must e;\m\ Ylol =Hx3 =18

O S|~ 3\ B ore dogdhec

_p0-8
ot =ﬁaj ‘:oss\\>°|\\-\\<

13
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Solution

a)

b)

)

Since E must be in the middle, there is only 1 choice for that position.
This leaves four people to be arranged in (4)(3)(2)(1) ways.

4 3 1 2 1
(Seat 1) (Seat 2) (Seat3) (Seat4) (Seat5)

Middle

There are (4)(3)(1)(2)(1) = 24 ways to arrange the five people with E
seated in the middle. -

What is the restriction?

There are 2! ways to arrange A and B together, AB or BA.

Consider A and B together as 1 object. This means that there are 4
objects (C, D, E, and AB) to arrange in 4! = 24 ways.

Then, there are 2!4! = 48 ways to arrange five people if A and B must
be seated together.

Method 1: Use Positions When A and B Are Not Together
There are five positions on the bench. A and B are not together when
they are in the following positions:

1st and 3rd 1st and 4th 1st and 5th

2nd and 4th 2nd and 5th 3rd and 5th

For any one of these six arrangements, A and B
can be interchanged.

(6 ways)

(2 ways)

The remaining 3 people can always be arranged 3! or 6 ways. (6 ways)

There are (6)(2)(6) = Z2 ways where Why is it necessary to multiply
A and B are not seated together. to get the final answer?

Method 2: Use Positions When A and B Are Together

The total number of arrangements for five people in a row with no
restrictions is 5! = 120. Arrangements with A and B together is 48
from part b).

Therefore, the number of arrangements with A and B not together is
Total number of arrangements — Number of arrangements together
= 5! — 214!

= 120 — 48

= Lo

September 26, 2013

14
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Arrangements Requiring Cases

To solve some problems, you must count the different arrangements
in cases. For example, you might need to determine the number of
arrangements of four girls and three boys in a row of seven seats if the
ends of the rows must be either both female or both male.

Case 1: Girls on Ends of Rows Arrangements
Girl (2 Girls and 3 Boys) Girl
4 5! 3 (4)(5!)(3) = 1440

Case 2: Boys on Ends of Rows
Boy (4 Girls and 1 Boy) Boy
3 5! 2 (3)(51(2) = 720

Total number of arrangements: 1440 + 720 = 2160

September 26, 2013

15
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Example 5 O
Using Cases to Determine Permutations

How many different 3_digit even numbers greater than 300 can you make
using the digits 1, 2, 3, 4, 5, and 67 No digits are repeated.

o How many objeds are Tre? 0=6 (1,3,34,5,6)

® How ofe '\\*:) “""“‘3’}? =3 (3-5‘3“\"“‘5)

v Conshvainky frestdiat st
'éts : (DS’N\!( “Hhen 3C‘)(b'~ ?),"\?6,6)

® Even numbers (Lest eyt st b
214,0)

Gse | (Rt dig k- is 3ocs)

3 x 4 x 3 =3 orrungeats
D W

G d. (Risk digt is ot 0@)

S x4 « 3 =k amurapmens
Do W

Tokol occoropments. aq+\ei=[% waf}

P.(n\ (néo B

16
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Key Ideas

e The fundamental counting principle can be used to determine the number of
different arrangements. If one task can be performed in a ways, a second task
in b ways, and a third task in ¢ ways, then all three tasks can be arranged in
a X b x ¢ ways.

@ Factorial notation is an abbreviation for products of successive positive integers.

5! = (5)(4)(3)(2)(1)
mn+1)!'=(1n+1)m)n - 1)(n - 2)---(3)(2)(1)

e A permutation is an arrangement of objects in a definite order. The number of

!
permutations of n different objects taken r at a time is given by P = ﬁ
n—r)!

e A set of n objects containing a identical objects of one kind, b identical objects of
n!

a'b!...
e Some problems have more than one case. One way to solve such problems
is to establish cases that together cover all of the possibilities. Calculate the
number of arrangements for each case and then add the values for all cases to
obtain the total number of arrangements.

another kind, and so on, can be arranged in ways.
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Homework

Finish #1-15

September 26, 2013

18
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rJ

. a)

4]

-1
. Left Side = 4! + 3!

. a)

Position | Position | Position |  ©) 5 25
1 2 3 2 8 28
lo Amy | Mike 9 29
-2 52
o | Mike | Amy -
Amy Jo Mike 2 ~ g gg
A Mik:
T | Mike | lo 2 8
Mike Jo Amy 8 <—5 8§
Mike | Amy Jo ™9 B89
6 different arrangements o - 2 92
< 5 495
8 98
12 different two-digit
numbers
Use abhreviations: o o
Soup (So), Salad / Gi< Fs / Gi< Fs

(Sa), Chili (Ci), S / |
Hamburger (H), So L H<r5 S3 _ff H< Fs
Chicken (C), Fish \ E<FS
(F), Ice Cream (I) Y |
and Fruit Salad (Fs). VP
16 different meals
56 b) 2520 c) 720 d 4
Right Side = (4 + 3)!

= 4(31) + 3! =7!

= 5(3)!

Left Side # Right Side
al = (9)(8)(7)(6)(5)(4)(3)(2)(1)
= 362 880

\ I
\C<Fs
\ |

F< Fs

b)

)

d)

e)

f)

gl (9)(8)(7])(6)(5!)
5141 (51)(4)(3)(2)(1)
=126
(51(31) = (5)(4)(3)(2)(1)(3)(2)(1)
=720
6(4!) = 6(4)(3)(2)(1)
= 144
102! _ (102)(101)(100!)
10012! — 100!(2)(1)
= (51)(101)
= 5151
7! — 51 = (7)(6)(5!) — 5!
= 41(5!)
= 4920

September 26, 2013
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[++]

10.
11.
12.

13.

14.
15.

. a) 360

d) 20

. 24 ways
.a) n=6

d) n=6

.a) 6
. a) Case 1: first digit is 3 or 5; Case 2: first digit is 2

or 4

b)
e

b)

b)

420
20

n=11

35

f)

c)

c)

138 600
10 080

r=2

10

b) Case 1: first letter is a B; Case 2: first letter is an E

a) 48

a) 5040 b) 2520

end with a consonant.

b)

240

c)

1440 d) 576
720 total arrangements; 288 arrangements begin and

48

No. The organization has 25 300 members but there
are only 18 000 arrangements that begin with a letter
other than O followed by three different digits.

20
2
2665 h

September 26, 2013
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