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xample:  Find the area under the curve for
f(x)= 3x-x2 between x=0and x = 5 using
the limit as n > e of the Riemann sum.
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The Definite Integral

When we computed the area under a curve by summing the
areas of many rectangles, the limit took the form....

,.hnl!Elf(x'*) Ax = ,.Iml [f(xi*) Ax + f(xHNAx + --- +f(I,T)A_1'I

(this also arises when we try to find the distance traveled by
an object)

It turns out that this same type of limit occurs in a wide
variety of situations even when f is not necessarily a positive
function. Limits of the this form also arise in finding lengths of
curves, volumes of solids, centers of mass, force due to water
pressure, and work, as well as other quantities. We therefore give
this type of limit a special name and notation.

2] Definition of a Definite Integral If f is a continuous function defined for
a < x < b, we divide the interval [a, b] into n subintervals of equal width
Ax = (b — a)/n. We let xo (= a), x1, X2, . .., x, (= b) be the endpoints of these

subintervals and we choose sample points x ¥, x¥, ..., x¥ in these subintervals,
so x7 lies in the ith subinterval [x;-, x;]. Then the definite integral of f from a
bis

[ = tim 3 7et) ax

NOTE 1 o The symbol | was introduced by Leibniz and is called an integral si
an elongated § and was chosen because an integral is a limit of sums. In the no
.I': f(x)dx, f(x) is called the integrand and a and b are called the limits of in
a is the lower limit and b is the upper limit. The symbol dx has no official
by itself; _ﬁ’ f(x)dx is all one symbol. The procedure of calculating an integral is
integration.

0 a b x

FIGURE 2 "
If f(x)= 0, the integral | f(x)dx is the
area under the curve y = f(x) from a to b.
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The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus, Part2 If f is continuous on [a, b], then
[ f(x) dx = F(b) = Fla)

where F is any antiderivative of f, that is, a function such that F* = f.
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Find the area under:
y=x?+2, from x=2 to x=4

4 9 3
Let's do a quick sketch first A= S X+3ddx = _)%
N7, ?

May 15, 2015
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Area of a region
between two curves!
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Applications of Integration

Area of a Region between Two Curves
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Areas between Curves

In Chapter 5 we defined and calculated areas of regions that lie under the graphs of
functions. Here we use integrals to find areas of regions that lie between the graphs of two
functions.

Consider the region § that lies between two curves y = f(x) and y = g(x) and be-
tween the vertical lines x = a and x = b, where f and g are continuous functions and
f(x) = g(x) for all x in [a, b]. (See Figure 1.)

Just as we did for areas under curves in Section 5.1, we divide § into n strips of equal
width and then we approximate the ith strip by a rectangle with base Ax and height
f(x¥) — g(x¥). (See Figure 2. If we like, we could take all of the sample points to be right
- endpoints, in which case x/ = x;.) The Riemann sum

y = g(x)

3 — g(x!)] Ax
-]

) a = x=b,glx)< y= flx) is therefore an approximation to what we intuitively think of as the area of S.
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(a) Typical rectangle (b) Approximating rectangles

This approximation appears to become better and better as n — . Therefore, we define
the area A of S as the limiting value of the sum of the areas of these approximating
rectangles.

1] A= lim E [f(xF) — g(xF)] Ax

A== iy

We recognize the limit in (1) as the definite integral of f — g. Therefore, we have the
following formula for area.

Area Between Two Curves:

If f and g are continuous on [a,b] and g (x) < f (x) for all x in [a,b],
then the area of the region bounded by:

y2=f (x),y1=g(x),x = a,and x = b is given by:

by ‘P \odYon
A=[1f(x)-g(®)kx

may also be stated as:

A= j:b)?. _yl]dx
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Find the area of the region bounded by:
5x2 + 2, -(—)x ,Xx=0, and x=1
6 > SK)- 3({) 43 = (-x)
Let's do .quck ketch first = X % x+)
L
A:_L(x +x+2)dx
= __>S_5. -\-Ab_ + o ]|
3 09 o
= _(._ L +30)- [(O) +© }@}
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Find the area of the region bounded by:
Y:XZ"‘I, y = X, x=1 and X=3

3 ox) -0 =11 =X

Let's do a quick sketch first

2
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Find the area bounded between the curves defined by:
y=x*+5 y=x+2 x = -1 and x=3
I (x) 3(»(\
wh?\re do they intersect??
% The 3 N
i = j X -% +3dx
\ L -l
\\ ) % 2 3
N = _)(_-_X_ -(3))(]
\ 3) o l
2
L(3).(3) . A3) - IH) d(*\)]
S 2
= 9-9 49 +L L +3
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Find the area bounded between the curves defined by:

y=-x2+2x+3 and y=x+1

c1% 3(13

where do they infersect??

X=-\ ond xX=72 2
) P\'—'— S-X9+x+‘;33k
-1

1 AN
LY

11
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Find the area of the region bounded by:

y = eX, y = X, x=0, and x=1
S X) ‘
F\:SQx—de
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1 Y ? \
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a (o)
\ o 03
- ¢ -()- a—Q}
P °
e -\ |\
9
"e-1l-3
>
2

12



Day 55 - Area Between Curves after.notebook

Find the area bounded between the curves defined by:
y=x2+5 y=x+2 x=-1 and x=3

where do they intersect??

r. .
A 4

Find the area bounded between the curves defined by:
Y:-X2+2X+3 and y:x+]_

where do they intersect??

. N
N

Find the area of the region bounded by:
y = ex, y =X, x=0, and x=1

May 15, 2015
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WARM-UPS

Compute the area under each of the following curves
in [a,b] using the Fundamental Theorem of Calculus!

A= [ (=5 +x+2)dx
A= [ (3x* - 2x)ddx
A= [ Vads

A= [ (22" -3x+2)ix

A= (x-Dydx

A:J.Ol\/l—xzdx

- think of this one as a quarter of a circle with radius 1

sketch and find the area from [0,1] x? =1

We also have indefinite integrals! (we were asked to
find in Ex. 11.2)

(just integrate and put a + C at the end)
Find:

I (6x” +csc” x)dx amm

| (10x" —2sec” x)dx o

cosd
do
ey >

- isn't immediately apparent, so perhaps change using a trig identity first

May 15, 2015
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Evaluate each of the following and interpret the
result in ferms of areas.

A=[ (& ~6x)dx O

(we did this one using Riemman sum)

A:I2[2x3—6x+ 3
0

x® +1

Jas

2 2
A:r 2t +t2\/;—1 ds -
1 t

Problem:

A particle moves along a line so that its velocity, v, at
timetis:v(t)=1>-1-6 (inm/s)

a) Find the displacement, s, of the particle during the
time period 1 s to 4 s.

s() = _[14 (12 —t- 6)dt

b) Find the distance traveled during this time period.

factoring and sketching v(t), we see thatv=0att=3 and t=-2 (inadmissable)
so, -ve displacement from [1,3] and +ve displacement [3,4]

f“’(t )t :f [- v+ E v()dt

15
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In the previous examples, the curvesi.e.y=x?+2andy = - x
do not intersect, and the values of a and b were explicitly given.

A more common type of problem involves the area of the region
bounded by two intersecting curves, therefore the value of aand b
must be calculated first before determining the area between the
intfersecting curves.

Example: Find the area of the region bounded by:
y=2- X%, y = X

First, find the points of intersection. (set the two
functions equal to each other and solve for x)

Second, integrate to compute the area between the curves.

Let's do a quick sketch first

FIGURE 2.6

16
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Example: Find the area of the region bounded by:
y=x? and y = 2X - X2

(1, 1)
y=2r — &2

17
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Find the area of the region bounded by:
y = sin X, Y = CoS X, x=0, and x=m/2

be careful... which curve is above the other and when???

Let's do a quick sketch first

A
Yy = COos x

YA
. Yy =cosx
4, A, RI Rz
x = [— e
y = sin X Y !
n X

0

IR
v

L]

—x=

L
.- ;
¥y =sinx
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Example: Find the area of the region bounded by:
y=x?-3x-4  and the x-axis, (y = 0)

be careful... which curve is above the other???

Let's do a quick sketch first

4

b —t—
g —+—
ey

)
y=x“"—3Ix—4

19
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. : ; B w W
Example 4 Find the area between y = —sin x and the x-axis from — to ~

S

20
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Determine the area between the curves:

y=x2-4x+5 and y=x+1

First, were do they intersect??

3

=
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+ + +

T
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May 15, 2015
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a) Determine the area between the curves:

y =x3-6x2-x+ 30 and y=-6x+18

betweenx=-1tox=3 -

b) Determine the area
wt between the curves from
\ x=3tox=4.

22
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a) Determine the area between the curves:

y=x3-3x2-x+7 and y=4

between x=-1tox=3 -

|
|
|
|
|

——
| I —
BN Y o
FanY
r

23
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a) Determine the area between the curves:
y=-X2+Xx+6

y=x3-2x2-5x+6 and

betweenx=-2tox=3

T
o s ~
——— |

May 15, 2015
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Occasionally, two curves intersect in more than fwo points. In
determining the area of the region between two such curves, we must find all
points of intersection and check to see which curve is above the other in each
interval determined by these points.

‘IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII*

Example: Find the area of the region between the
curves:
f(x)=x3-2x2+x-1 and g(x)=-x2+3x-1

A= [/ -g@kx+ [ g~ f ()

25
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Example: Find the area of the region bounded
by:

X=3-y? and x=y+1
First find points of intersection....

This will be easier to integrate with respect to v,

Let's do a quick sketch first

r 3

ie. horizontal rectangles.... so....

2 .
FLi=2) easiler

Vertical Rectangles ;
i -tRBlengiu Horizontal Rectangles
gration with respect to x) (Integration with respect to y)

26
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Example: Find the area of the region bounded by:
y2:2x+6 and y:x_l

First find points of intersection....

This will be easier to integrate with respect to y,

Let's do a quick sketch first

ie. horizontal rectangles.... so....

(5.4)

xp=y+1

=Y

27
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Ex. 10.2 - Red Book - find the areas using integrals
Stewart - Ex. 6.1 - worksheet

Larson - Ex. 7.1 - worksheet

May 15, 2015
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xample: Find the area of the region bounded
by: \j
%=3-y°
Y= 3
%

9 :/J 3 1S will be easier tod
Let's do a quick sketch first ’
- 2— (k=1
o= 3= (=TT

easier

29
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Example: Find the area of the region bounded by:

=2X+6 =x-1 l[—

(N1)= 2t Y30

m:—lrf-!«l=9rv<+6 S inepemsETERRCton:
NLeTul.S(_%o_(_] ;':lgﬁ ke-rch fir.s-r IThls w.|II be easier to integrate respect fo y,
{,X__S)?m.\. 3 = 6 ie. horizontal rectangles.... so....

(S )‘7’)

30
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31
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@ {lg)= an; —tre+ | V”‘,,:Z—TD
a7 ¥=0 6((26)"- e A3
Al Yt | = K =Yt

n-2= 0
A=W A

32
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