Day 16 - Permutations Special Cases after.notebook October 02, 2015

Warm-Up

In how many ways can a teacher seat four girls and three boys in a
row of seven seats if a boy must be seated at each end of the row?

3 X 5 4 % 3 ¥ 2 X 1 X 2
(Seat 1) (Seat 2) (Seat 3) (Seat4) (Seat5) (Seat6) (Seat 7)
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Permutations

Focus on...

e~%olving counting problems using the fundamental counting principle

>~ Tetermining, using a variety of strategies, the number of permutations
of nelements taken r at a time

* solving counting problems when two or more elements are identical
w~solving an equation that involves P notation

How safe is your password? It has been suggested that
a four-character letters-only password can be hacked in
under 10 s. However, an eight-character password with
at least one number could take up to 7 years to crack.
Why is there such a big difference?
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The arrangement of objects or people in a line is called a linear
permutation. In a permutation, the order of the objects is important.
When the objects are distinguishable from one another, a new order
of objects creates a new permutation.

Seven different objects can be arranged in 7! ways.

7! = (7)(6)(5)(4)(3)(2)(1) Explain why 7! is equivalent to 7(6!) or to 7(6)(5)(4).

permutation \‘\Q'j WO(&S “:;( \)Qf'w\\i‘?oétw\s

* an ordered ° | cdel ’
arrangement or no 6 y N a \\M') N atoyy.

sequence of all or part ® G(ca ()
of a set

« for example, the ® \ﬂ \B“J 'Sfé or (70‘(). S‘\vﬁ'l .Brmb.
\

possible permutations
of the letters A, B, and
Care ABC, ACB, BAC,
BCA, CAB, and CBA

1 lebler 27 L 2 ’ \ethec ?fﬁ;\i%\;m
C — RBDC
/ ®

A — ¢ B — ACD

— BARC
A— C

B__. A —> BCA

A B — (CAb

Q< X A R — K
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Example

The notation P, is used to represent the number of permutations,
or arrangements in a definite order, of r items taken from a set of

!
I n € N.

n distinct items. A formula for P is P = [ TR
n—r)!

r

If there are seven members on the student council, in how many ways
can the council select three students to be the chair, the secretary, and
the treasurer of the council?

Using the fundamental counting principle, there are (7)(6)(5) possible
ways to fill the three positions. Using the factorial notation,

71 _ ()(6)5)@)E)2)0)
4! BB

= (7)(6)(5)
= 210
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The notation P, is used to represent the number of permutations,
or arrangements in a definite order, of r items taken from a set of

— . . n!
n distinct items. A formula for Pis P=———, ne N.
mr nr [H _ I’]'
n="1 stud ets (=3
Using permutation notation, _P, represents the number of arrangements l Did You Know?
of three objects taken from a set of seven objects. The notation nl was
p—_17 introduced in 1808
78T (7 — 3)! by Christian Kramp
71 (1760-1826) as a
-1 convenience to the

printer. Until then, n|

= 210 had been used.

So, there are 210 ways that the 3 positions can be filled from the
7-member council.
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Example 2
Using Factorial Notation

a) Evaluate P, using factorial notation.
b) Show that 100! + 99! = 101(99!) without using technology.
¢) Solve for n if P, = 60, where n is a natural number.

® & =_0o
(n-0))

= A — 9l _ 9x§x1X6 =304

A
@ 5

L\
b 100! +QqL = lo\(al)
rouf

S oCRL)+ AL

ol (41
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In general, a permutation is an arrangement of objects in different orders, where the order of the
arrangement is important!!!

[f"mn”is the size of the sample space, and “r” is the number of items chosen on each trial, then the total
number of permutations is written as:

) #l
oPr and is calculated as Pr= —)I
[ F7—F)!
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Permutations With Repeating Objects

Consider the number of four-letter arrangements possible using the letters
from the word pool.

6ol opol oopl oolp polo _oplo olpo clop ploa Ipoo lopo  loop D
pool opol oopl oolp polo oplo olpo olop ploo Ipoo lopo loop

If all of the letters were different, the number of possible four-letter
arrangements would be 4! = 24,

There are two identical letters (o), which, if they were different, could be
arranged in 2! = 2 ways.

The number of four-letter arrangements possible when two of the letters

.4 24 L
are the same is o= 2 or 12. Why do you divide by 217
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a)

b)

A set of n objects with a of one kind that are identical, b of a
second kind that are identical, and ¢ of a third kind that are

- . . 1 .

identical, and so on, can be arranged in L different ways.
a'b!c!...

Example 3 < :

Repeating Objects 3as o €°

a) How many different eight-letter arraﬁ?gements'&n you make using the
letters of aardvark? n= % =3 lp= B

b) How many paths can you follow from A to Bina
four by six rectangular grid if you move only up

or :[o the right? |y WASAN) %&ﬂ?\“&
Solution n=\10 =4 b=0

There are eight letters in aardvark. There are 8! ways to arrange eight 3‘ _ ‘-IO?)}O
letters. But of the eight letters, three are the letter a and two are the 3\'3‘ —(c)(g)
letter r. There are 3! ways to arrange the a’s and 2! ways to arrange the s

=

; . . o .. _8!
r’s. The number of different eight-letter arrangements is 12T = 3380

Each time vou travel 1 unit up, it is the same distance no matter (O ‘~ = 3&%&@
where you are on the grid. Similarly, each horizontal movement is the L‘ | GI oM (’90
same distance to the right. So, using U to represent 1 unit up and R to e
represent 1 unit to the right, one possible path is UUUURRRRRR. The
problem is to find the number of arrangements of UUUURRRRRR. — a‘\o
The number of different paths is 101 _ 510, Where did the numbers

4!6! —_ 10, 4, and 6 come from?

EX'- N\‘*TH _ L“. = 8'—\

mMmississieey = WL —a4es0

—e

yralal

October 02, 2015
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Circular Arrangements

When objects are arranged along a line with first and last place, thev form a linear permutation. So far we
have dealt onlv with linear permutations. When objects are arranged along a closed curve or a circle, in
which anv place mav be regarded as the first or last place, thev form a circular permutation.

The penmutation in a row or along a line has a beginning and an end, but there is nothing like beginning
or end or first and last in a circular permutation. In circular permutations, we consider one of the objects

as fixed and the remaining ohjects are arranged as in linear penmutation.

For example, the following arrangements of 4 people, P1, P2, P:. Py, in a circle would be considered as the
same arrangement.

P} P4 Pl P:

Py P: P Py P2 Py Pa P

Pl P: Pl P4

Here we see that when n = 4, there will be 4 repetitions.

10
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In general, to calculate the number of wavs that “n” items can be arranged in a circular fashion, the
following formula is used:

o R

OR (n-1)!
M

Example

The 12 members of the student council are to be seated at a round table. In how manwv wavs can thev be
arranged?

Solution

Sincen =

H R

OR in— 1}
1
=

_ 475001600
12
=39 916 800 =39 0916 800

=(12-1)!

=11!

There are 39 916 800 wavs that the members of the student council can sit around the round table.
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/f"\\«\’h‘)’\)
@ \A);nn‘mf)—‘mm gs_([/\__b_ Los‘u\ '\eqm
n=\§ n=|
=2 = \

5P,=306 X b=\ =420

12
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Example 4
Permutations with Constraints

Five people (A, B, C, D, and E) are seated on a bench. In how many
ways can they be arranged if

a) E is seated in the middle? b) A and B must be seated together?
¢) A and B cannot be together?

%5?«:‘;\( can S\J( maa O =190

o E is saed m tho wddk |
4«3 x | x2 1 =

—

b) A+D MMS)f \22. 5<6Acz(! ‘l‘ocxz*\\u (Cms,é.er A+Dd O'f\é>
AB,C.D €
¢ "\ o\jsec\s G\ \)Q afrocnjea L\l =4 wc\33
° P‘-t% can \)@ ermffe() 8! =9 wa39

atk\ ?Q(mkl(q"(\&\& ;5 L(‘,é‘, :lL% ub6~33 )

o S - H4lal =19
(R0 - (4D

f o ways
Pl g A% et
S ?«0:\'% A b o st “’8‘“"(
Cafh bs SI‘\. kaw
stared W
(oM 1)

13
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Solution

a)

b)

)

Since E must be in the middle, there is only 1 choice for that position.
This leaves four people to be arranged in (4)(3)(2)(1) ways.

4 3 1 2 1
(Seat 1) (Seat 2) (Seat3) (Seat4) (Seat5)

Middle

There are (4)(3)(1)(2)(1) = 24 ways to arrange the five people with E
seated in the middle.

What is the restriction?

There are 2! ways to arrange A and B together, AB or BA.

Consider A and B together as 1 object. This means that there are 4
objects (C, D, E, and AB) to arrange in 4! = 24 ways.

Then, there are 2!4! = 48 ways to arrange five people if A and B must
be seated together.

Method 1: Use Positions When A and B Are Not Together
There are five positions on the bench. A and B are not together when
they are in the following positions:

1st and 3rd 1st and 4th 1st and 5th

2nd and 4th 2nd and 5th 3rd and 5th

For any one of these six arrangements, A and B
can be interchanged.

(6 ways)

(2 ways)

The remaining 3 people can always be arranged 3! or 6 ways. (6 ways)
There are (6)(2)(6) = 72 ways where Why is it necessary to multiply
A and B are not seated together. to get the final answer?

Method 2: Use Positions When A and B Are Together

The total number of arrangements for five people in a row with no
restrictions is 5! = 120. Arrangements with A and B together is 48
from part b).

Therefore, the number of arrangements with A and B not together is
Total number of arrangements — Number of arrangements together
= 5! — 214!

= 120 — 48

=72

October 02, 2015
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Arrangements Requiring Cases

To solve some problems, you must count the different arrangements
in cases. For example, you might need to determine tt

arrangements of four girls and three boys ina raw of seven seats if the
ends of the rows must be either both female or both male.

Case 1: Girls on Ends of Rows Arrangements
Girl (2 Girls and 3 Boys) Girl
4 5! 3 (4)(5")(3) = 1440

Case 2: Boys on Ends of Rows
Boy (4 Girls and 1 Boy) Boy
3 5! 2 (3)(51)(2) = 720
Total number of arrangements: 1440 + 720 = 2160

Coxe | o Girls ontha ends .
4 x5 xH %3 x3 x1 x3
4(51)> =1440

Coscd' Doy onthe ends.

D xSxYxdx2x] x?

1) = 0

Ge) o Cased
qqo + 100 = 31O

15
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Example 5

Using Cases to Determine Permutations

How many different 3-digit even numbers greater than 300 can you make
using the digits 1, 2, 3, 4, 5, and 67 No digits are repeated.

n=0 (1,931456)
—>3 &ij\'*‘ ;\1) |
Cmsjtra\.njﬁ‘. . 6(26\1«f {hen 300 (Mu;‘ \Dﬂjl'\ w/ 3,‘-\,5,G)

, ot (must ed with 34,6)
e NO 6\3;‘\'3 G (e?oql‘Qa

Cose | ! &3'}\3 w\J\’\‘\ a dord
7
d'xH x 3 =N Waus
Case O Bej'h> woifh & 46
3 x4 x2 = o WY

@L‘ tlo= 40 J-A:(e(ml‘ u.)c,:)ﬂ

16
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Key Ideas

e The fundamental counting principle can be used to determine the number of
different arrangements. If one task can be performed in a ways, a second task
in b ways, and a third task in ¢ ways, then all three tasks can be arranged in
a X b x ¢ ways.

@ Factorial notation is an abbreviation for products of successive positive integers.

5! = (5)(4)(3)(2)(1)
mn+1)!'=(1n+1)m)n - 1)(n - 2)---(3)(2)(1)

e A permutation is an arrangement of objects in a definite order. The number of

!
permutations of n different objects taken r at a time is given by P = ﬁ
n—r)!

e A set of n objects containing a identical objects of one kind, b identical objects of
n!

a'b!...
e Some problems have more than one case. One way to solve such problems
is to establish cases that together cover all of the possibilities. Calculate the
number of arrangements for each case and then add the values for all cases to
obtain the total number of arrangements.

another kind, and so on, can be arranged in ways.
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Homework

Finish #1-15

October 02, 2015
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Answers to Homework

October 02, 2015
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