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3. 3 Proving and Applying
the Cosine Law

INVESTIGATE the Math

The sine law cannot always help you determine unknown angle measures or

side lengths. Consider these triangles:

Q

3.0 32 ¢

sin R sin S  sin 66°

where

e=26m d=25m sin £ sin D sin F
where = =

2.6 25 3.6

D f=36m E

There are two unknowns in each pair of equivalent ratios, so the pairs
cannot be used to solve for the unknowns. Another relationship is needed.
This relationship is called the ‘cosine law , and it is derived from the
Pythagorean theorem.
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S LAW OF COSINES

When will you use the Law of Cosines?
You will use the Law of Cosines when:

A) you need to find a missing side and you are
given the other two sides and the angle in
between them (the included angle).

Case 1
52
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) you need to find an angle measure when all

three side lengths are given. cs
asc

*Fﬂl‘ case (1) the formula can be rearranged
in the following forms:

* You may need to combine both the
Law of Sines and the Law of Cosines
in the same question®™
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APPLY the Math
EXAMPLE 1 Using reasoning to determine the length of a side
Determine the length of CB to the nearest metre. A

40 m

Justin’s Solution

(1 labelled the sides with letters.
mmmmmmemms-------------—-1 | couldn’t use the sine law, because | didn't know a
Ls,ide length and the measure of its opposite angle.

-
| knew the lengths of two sides (b and ¢) and the
measure of the contained angle between these
a?=b%+ 2 — 2bccos A e i ine si ich i
_ _ _ sides (£ A). | had to determine side a, which is
a? = 322 + 402 — 2(32)(40) cos 58° opposite £ A. | chose the form of the cosine law
that includes these four values. Then | substituted
the values | knew into the cosine law.
-

2 = 1024 + 1600 — 2560 cos 58°

{T ———

at = 2624 — 2560 cos 58°
@’ = 1267.406...

a = V1267.406...

a = 35.600...

CHBis 36 m.
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EXAMPLE 2 Using reasoning to determine the measure of an angle
The diagram at the right shows the plan for a roof, with support 8 \
beam DE parallel to AB. The local building code requires the

angle formed at the peak of a roof to fall within a range of 70° to 0
80° so that snow and ice will not build up. Will this plan pass
the local building code?

- 20' >

Emilie’s Solution:

| drew a diagram, labelling the sides and angles.
| wrote all the side lengths in terms of feet.

Since | wanted to determine £ B and | knew the

112 + 62 ey 62 le g

P . P ikl ik i il VR SRS SRR . ngth of all three sides, | wrote the form of the
2ac cosine law that contains £ B.

19.52 + 102 — 202

COsS =
2(19.5)(10)

80.25
cos B=—

390
cos B = 0.2057...

/B = cos1(0.2057...)
/B =78.125..°

The angle formed at the peak of the roof is 78°. _______.

This plan passes the local building code.

| rounded to the nearest degree. The value of this
angle is within the acceptable range.
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COSB = o?ft Ca fba ‘
oY Yd \

wsb= @3+(0)-&d

0X10)
@sB = OIS + 100 - Y00
370
osp = .5
30

osB = Q. 30%%

(B~ cos (O.Bb%)
(R=18"
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EXAMPLE 3 Solving a problem using the cosine law

A three-pointed star is made up of an equilateral triangle and
three congruent isosceles triangles. Determine the length of
each side of the equilateral triangle in this three-pointed star.
Round the length to the nearest centimetre.

The warld's largest Ukrainian Easter
eqgg (called a pysanka) is located in
Vegreville, Alberta. It is decorated
with 2208 equilateral triangles and

Dakoda's Solution

G named the vertices of one of the isosceles triangles.

(X)P=(y)r+(z)-20y)z)cosX “=[ 1 knew two sides and the contained angle in
( X)?2 = 60% + 602 — 2(60)(60) cos 20° each isosceles triangle, so | used the cosine law
( X )2 = 3600 + 3600 — 6765.786... to write an equation that involved YZ. Then |

substituted the information that | knew.

( X)? = 434.213...

X ="V434213...

X = 20.837...

Each side of the equilateral triangle has
a length of 21 cm.
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X
> 2 5
- Lo X’j%r?_*D\\)ZCOSX
X = (@) 220
72 x=" Y a

= 3600 360 — 615,716

S/W
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In Summary

Key Idea
* The cosine law can be used to determine an unknown side length or
angle measure in an acute triangle.

C

al=h? + 2 - Zbccos A
bl =a? +cf — 2accos B
2=a’+ b - 2ahcosC

Need to Know

* You can use the cosine law to solve a problem that can be modelled
by an acute triangle when you know:
- two sides and the - all three sides.
contained angle.

v
Q Q
v v
* The contained angle is the angle between two known sides.
* When using the cosine law to determine an angle, you can:
- substitute the known values first, then solve for the unknown angle.

- rearrange the formula to solve for the cosine of the unknown angle,
then substitute and evaluate.

Assignment: pgs. 136 - 138
1,2,3,4,5,7,8
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Provi d Applyi
SOl UTTONS=> 8.3 e IETine a3
A
l. @uppose that \Jou are Siveﬂ /_.i/""""f
each Set of data for "AABC. s \,
Can you use 'HLF; cosine law »\ \"'-.
+o determine ¢ ? f{g{pla[n- S

a) a=3cm, < A=82°, <« C=43"
N';.a you cannot use the cCosine law +o
de mine C. Uou do 'rLo-K' }‘Lc}vE +wo sides
and the Con+a¥ﬁ_¢d C{r\@\e.

b) a="Tem, b=8cm, <« C=43"
Yes, vou can use Hhe cosine law To determinec

Since 1ou are %\'VEQ two Sides and ‘H'\JEL
conta ned r'\Sl e .

10
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_1Bcm

2. Determine "H’Lﬁ len ’H"\ of X <35 _Y

Side x to +he neaves+¥ Bam /x
centimeter.

= %"vhzf*l 2 Cos X
Y= (%) +(18)=72(13)(18) cog 4¢°
x*= 225 +324 -840 (0.¢q47)

x*= 549 -375.138%
N*= |13.862.

x= N1713.862

xX= 13.2 cm
=13 ¢m

11
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3. Determine the measure. im| s
of <P 1o the ﬁeqres+ Q\elﬁve_e. /x 6.2m

P L

CosP= % 4 {‘Q_-LEQ
2qgrvr
Cos P= (&2)% (2.3)~(5.9)°
2(6.2)(2.3)
cos P= 3844 +85.29-34.8 ]
J8.82

cos P= 3.9

3B.O2

cos P= 0.3128
<P= cos~'(0.3128)
<p:: "72_)"
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4 Determine each unkKnown Side lenoth
4o the nearest tenth of a centinyeter.

Q) A b*=a*+c?*-2ac cos B
105em b= (q .'5)2“‘1' (l0.5)2 QQC!.S)(IO.S)GOSLme
ra -_ b= 90.25+110.25-199.5 (0.776 6 O)
g b*= §00.5 - 152.8177
b*= 47.683
b= (H47.683
b= 6.9 cm

b)Y o ¢ e*=d?>+fF =2dfcos E
\. €*=(11.0)*(13.0)*2(1.0)(13.0)dos15"
Boamy  /moem 2= || +169-286(0.25% 3)
75/ 290 — 740168
215.9%332.
N 215.9332
4.7 cm

Y
Il!

NOXARS
non oy

13
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5. DetYermine the measure of each indicated
cmS\e Yo +the nearest degrec.

a) 1 cog = ot s et
O\ 2.qQY
cos P=(3.9)*+(35)%(2.2)°
35cm 39 cm 2.(39 )(:')“Sjm"
Cos P=13.21 +12.25-44.84
L \ 1.3
Q 22cm R COSPT‘ 2262
271.3

conP=C.R3IB6
P= cos '(0.8286)
P=834°

14
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/' \
29 crn__,-"' \ 2.6 cm

Y 22cm “Z

October 19, 2015

2

cos{= xij%)z;z

2.XN )
cosq= (2% (2.6)-09)
202.2)X2.6)
cosZ= 4.84+616~-3.M|
.44
cosZ= K19
11.44

Cos {= 0.271%8
7 = cos ' (0.2788)
z2.= TY4°

15
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7. Solve each +rian ie-ﬁpund all angwers, .
+o0 +he neares+ nth "of a uni+. ( °2“§‘L¢a'2§fd¢3<g

Q) In ATDEF, d=5.0cm,e=6.5cm,and <F=65 :

*= d*+e?-2decos F

(5.0 + (6.5)=2(5.0)(6.5)coseS®

£2=
£2= 0% +42.25- 65(0.4226)
£2= (7.25-27.4¢9
£2= 39.78/
= V89.78I
£= 6.3 cm
cosf=d*+f*c?® <D= 180%6£5%69°
2d4F i <D= 46°
cosE=(B.0)+3)-(c5)*
2.(5.0)¢.3)
cosE= IS5 +39.69-42.25
S
CosE= 2244
63

cosE= 0.3562
,g: cos ' (0.3562.)
= ¢9°

)

October 19, 2015

16
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¢) ITn ALMN, £=5Scm,m=4.6 cm,and N=3.3cm

Cos [F m*+n*-2¢*
2mn

cos | = (46)*+(3.3)°-(8.5)
2(4.61(33)

cos | = dLIG + 10.89=30.25

30.36

cos L= 18
30.36

cos k= ©.09593

[ = con™ (0.0593)

= Q7°
cos M= n*+L%*-m* N=180-%87=57"
2nd ., N=36°
cos M= (3.3)*+(8.5)>~(4.6)
2(3.3)(3.5)
cosM= 10.89+30.25~-21.1¢
36.2
coesM= 19.9%
36.3

cos M= 0.5504
M= Cos™'(0.5504)
M= 57°

17
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8. The pendulum of a grandfather clock
s 100.0cm long. Nheﬁ. The pendulum
Swings From oie side to the otherside,
the “horizontal distance 1+ travels
1S Q. CmM.

a) Draw a dm‘qamm of the sivtruotion.

b) Determine Hhe Qng \e ‘\"'m‘o h whichthe
pendulum Swin 5 Teund ouranswer
T the nearesy - (_eajrecz

cos ©= (100.0)*+ Q00.0)*-(a.6)*
2.(100.0)(100.0)
cos@= 10000 +10000-92,16
Q0O 00O
cos®©= 199Q71.84
cos®@= ©.9934
Q= cos™ (09as54)
QO=85°"0or &°

October 19, 2015
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Q PM11-3s3.gsp
Q  3s3ef final.mp4
Q  3s3e2 final.mp4
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