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Inverse of a _5—‘(@

Relation

An inverse function is a second function which undoes the work of the first one.

1. Introduction
Suppose we have a function f that takes = to vy, so that
flx)=1y.
An inverse function, which we call f~!, is another function that takes y back to z. So
[y =

For f~! to be an inverse of f, this needs to work for every x that f acts upon.
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Inverse of a
Relation

The inverse of a relation is found by interchanging the x-coordinates
and y-coordinates of the ordered pairs of the relation. In other words, for
every ordered pair (x, y) of a relation, there is an ordered pair (y, x) on
the inverse of the relation. This means that the graphs of a relation and
its inverse are reflections of each other in the line y = x.

(x, ¥) = (v, x) In plain English....thex and y coordinates will just switch places

The inverse of a function y = f(x) may be written in the form x = f(y).

The inverse of a function is not necessarily a function. When the inverse
of fis itself a function, it is denoted as f~' and read as “finverse.” When
the inverse of a function is not a function, it may be possible to restrict the
domain to obtain an inverse function for a portion of the original function.

The inverse of a function reverses the processes represented by that
function. Functions f(x) and g{x) are inverses of each other if the
operations of f{x) reverse all the operations of g(x) in the opposite
order and the operations of g(x) reverse all the operations of f(x) in the
opposite order.

For example, f(x) = Zx + 1 multiplies the input value by 2 and then
adds 1. The inverse function subtracts 1 from the input value and then

divides by 2. The inverse function is f~1(x) = = ; 1
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Example 1
Graph an Inverse

Consider the graph of the

relation shown.

a) Sketch the graph of the inverse
relation.

b) State the domain and range of
the relation and ite inverse.

c) Determine whether the relation
and ite inverse are functions.

Solution

February 18, 2014

a) To graph the inverse relation, interchange the x-coordinates and

y-coordingtes

lceE Ec-intsln

Points on ‘lh‘

a of the relation.

The graphs are reflections of each
other In the line ¥ = x The polmts
on the graph of the relation are
related to the polnts on the graph
of the Inverse relation by the

mapping (x, ¥) — (¥ x).

What polnts are Invarlant after a
reflection In the lne v = x7

lation Points on the Inverse Relation

(—6 4) (4, —6)
(—4, 6) (6, —4)
(0, 6) (6. 0)
(2. 2) (2 2)
(4 2) (2. 4)
(&, 0) (0. 6)

=y %

"z

=T —
’._.-'_b.-=x & (3;3\
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b) State the domain and range of
the relation and its inverse.

1 Domain | Range J
Relation {x| -6=x=6xeR] v|0=y=6YyeR]
Inverse Relation [x|0=x<BxeR] [v| 6E=y=6yeR]

o ©6)  or [4,6)

The domain of the relation becomes the range of the inverse
relation and the range of the relation becomes the domain of the
inverse relation.

In plain English....thex and y coordinates will just switch places
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¢) Determine whether the relation
and its inverse are functions.

VA horizontal line test

* atestusedto
determine if the graph
of an inverse relation
will be a function

= if it is possible for

a horizontal line to
4 intersect the graph of
arelation more than
once, then the inverse

of the relation is not.a
function =

The inverse relation is not a function of x because it fails the
vertical line test. There is more than one value of y in the range
for at least one value of x in the domain. You can confirm this by
using the horizontal line test on the graph of the original relation.
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Example 2 —oO]
Restrict the Domain
Consider the function f(x) =

J/ k=3 (Don?)

- 2.

a) Graph the function f(x). IE the inverse of f(x) a function? MO
b) Graph the inverse of f(x) on the same set of coordinate axes.

¢) Describe how the domain of f(x) could be restricted so that the inverse
=

of f(x) is a function.

= (. %)

Inverse

f 0 1-3 -3 [0
Ll -
3 > 9
na

\on - o<

only IGA i both Fonond e ¢
\33: is o 2nd e \«.:cm

a)

b)

#
,....
¥= v

c)

Inverse of fix) 1z
< el

-4 -2 0
#|
-"_.-2

| 14

". + + +
vEX

Y

Swnee 560 'Sa\\s

'\\m\\ot\’loém\ line tes
it \!\\!((%z_\s \n\' o
Funchion

€) The inverse of f(x) is a function
if the graph of f(x) passes the
horizontal line test.

One possibility is to restrict the
domain of f(x) so thamresulting
graph is only one half of the parabola.
Since the equation of the axis of
symmetry is x = 0, restrict the domain
to{x|x=0 x€RL

\
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Example 3
Determine the Equation of the Inverse

Algebraically determine the equation of the inverse of each function.
Verify graphically that the relations are inverses of each other.

a) flx)=3x+6 —» Ly .
b) flx)=x*-4— q‘-lc

(Racaloda) n —
) Replace f(x)with .
® 5:66 = 3x+b 2) Switch ¥'s and ¥'s.
- 3) Solve for y.
© J= Bxr 6 4) Replace ¥ with /().

@ X = ?ﬁ +6 (if the inverse is a function!)
© xX-6b= 3y

x—056
3

Graph y=3x 4 6and y= on the same set of coordinate axes.
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Determine the Equation of the Inverse

b) f(X] =x-4 = Mq“lsc 1) Replace f(x)with .
(Paraloda) 2) Switch ¥'s and y's.
@ 3 = X""l’ 3) Solve for y.
3 4) Replace ¥ with f7(x).
@ X= Y -4 (i)f theimerse s a fu{:lct(if)zl!)

?
® x4 = &5 Why s this v not replaced with f-'{x? What could be
done so that f~'(x) could be used?

ERRTY Rk Bhe domain oF 56 =0 that
o 5_,@: T tr will es the horpontal ﬁ:‘:«\

Graphy=x'-4and y= k}% onzﬂg};ﬁm!\éat ugouié&exaﬁ—er? m.i

............. 7 404 > Y= 2T
___________ e
Vb sl o| -3
..... | -2 -b~\
TN T 0} 4l o

, ERE—- I 1-3 2l
AEMN ARy \EmmS 3|0 09
GXQS&%“QX‘O
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Another example of how to restrict the domain

restricted domain
x| x=1,x€R]

v 4

4 f1{ﬂ:_ﬁ§d:'_2.dﬂl

1
s

\
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Inverse of a Relation

Key Ideas

® You can find the inverse of a relation by interchanging the x-coordinates and
y-coordinates of the graph.

® The graph of the inverse of a relation is the graph of the relation reflected in the
line y = x.

# The domain and range of a relation become the range and domain, respectively,
of the inverse of the relation.

8 Use the horizontal line test to determine if an inverse will be a function.

® You can create an inverse that is a function over a specified interval by restricting
the domain of a function.

® When the inverse of a function f(x) is itself a function, it is denoted by f~'(x).

® You can verify graphically whether two functions are inverses of each other.
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Homework

Practice Problems...

Pages 51 - 55
#2,3,5,6,8,9, 11,15, 18, 20, 21

Trwerse Tunclions
e mMap (X, X — (3"6
Ex. (\:-53\—-?(-3.\\
e Re¥lecked 1 the line 9z

® F\mc\'\m | Tmﬂ& ,
Dowein {XIXeRT | {X1X20,XERT

R L\ o8t | {y 4

February 18, 2014

11



Day 13 - Inverse Functions after.notebook

What if given the function algebraically?

Determine algebraically the equation of the
inverse of each function.

a) f(x)=3x-06
c)fﬁjzéﬁﬁlm
— A x+l>
y=3*""
& :3. +\3~
x =4y )
= \3-\-‘3
5(‘\3=3
33.b
3 Q)=

b)f&j:%x+5

d) f(x)=—

8x +12

S(x): O +‘3
32 9**‘5

X= 33‘*3
%-3= 39
Xx3=Y

o

S TN
28

February 18, 2014

12
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1.4 Inverse of a Relation, pages 51 to 55

1. a) b)
L o ]!:Jh. E
y= L1 L - .
.Ir. a 1|'l 2 a
< ﬂ(:ﬂr-""f L
:.---""Er. i ? o P E
AFESIT a2 2| 4
2l TINNE £
Ml rw .
e . P
r Ty A =11
2-3) vy . 3. 3) The graph is a function but the inverse will be a
4 —* relation.
S - b) The graph and its inverse are functions.
‘ ¢} The graph and its inverse are relations.
NEFENE AREK
R ESI
s i 4. Examples:
. i 3 Ix|x=0,xeRlorix|x=0,xeR}
riB &) b) {x|x= -2, xeRlor{x|x=-2 xeR}
b {7} Z 0 lx|x=4,xcRlorfx|x=4, xR}
7 L d) [x|x= 4, xeRlorx|x=-4,xeR}
4 Al 5.2) f(x)= 1x b) [ = —tlx—4)
- 0 fx)=3x—4 d) f'(x) = 3x + 15
— — @ fix)=—3x—5 0 flx)=2x—56
. "l

13
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&aE B C 9B dA e0D

7. 3) lr"‘u b) 7 Y
5
- 4
T
2
&
< >
4 -6 |24 | 2|0 4 4 6 | X
e
2
4
: >
=20 4 4 i] 8 | 10 | X e
2 v
¥ function: domain {—6, —4, —1, Z, 5}, range {2, 3, 4, 5}
function: domain {—2, —1, 0, 1, 2}, inverse: domain {2, 3, 4, 5}, range (6, -4, -1, 2, 5}
range {—2, 1,4, 7, 10}
inverse: domain {—2, 1, 4, 7, 10},
range {—2, -1, 0,1, 2}
8. a) v4 b) 7 # The inverse
4 ‘ V= fix - isnota
N P - 7 function;
+ - it does not
2 ,” f . \ 7 pass the
o - < [ P vertical line
; 6 | -4 _2, fi) 4/ % o= test.
P | L =~
o8 DI B >
4 —{2 L0 4 X
. Vi=Ifix Sl L1
. / P =y
. ¥ — !
The inverse is a function: it passes the vertical
line test.
t) v The inverse is
V=X e not a function;
it does not pass
K the vertical
N . line test.
2N
P!
—a[Jzlo z X
e
L hd
e 1
9.3 [0 =4k—2) Q) flx) =2x+12
VA flx): v
_VAn=3k+2 domain {x | x € R}, 2
= range {y | ¥ € R}
115 5
< / | f i 2 A°
R = % domain {x | x € R}, -
L e =T z)| e lvlye R N
‘f 1 iz & Jalo| & A2 %
= _ 1. ¥e
h}f'(X}—E(X‘F‘U Food YT
8 ) = 5K
A flx): “
NTWE ST domain (x| x € RY, .
range {y | y € R} " ©
. fn=4rax | fx: t
= domain {x | x € R}, Sf(x): domain {x | x € R}, range {y | y € R}
P .| range {y|ye R} J(x): domain x| x € R}, range {y | y € R}
|2 ]o A | 4~
2
Y
10.3) i) f(x) = (x + 4)* — 4, inverse of
d) f'x)= —vE=2 flx)=tvx+d-4
I Jx): domain i) Y [
\ Ix|x=0,xe R} " P(x{._,
4 range 1 ]
—wldxko WiyzzveR
| f(x): domain 6| 14 4z |0 X
P FIx=F ,(_E fx|x=2 xR}, \ I LT
< 12 [0 > 7‘ range 1
N - lrly=0.yeR} .
L 4 :
0 fd=vi—x imyerse pf fix) sl
7 f(x): domain e
i x| x=0,x€R], —
a = 24 x e b y=(x—2F-2y=tvx+2+2
lyly=2yeR] i) [T !
< ol % } %! f'(x): domain L LHT
—2 x| IXIx=2,xeR) ol |
| range )
¥ N ly|yz0yeR] -
veseprio ™~ | /1 |
-4 -2 0 i
2
¥
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11. Yes, the graphs are reflections of each other in the

line y = x.
12. 8) y=++x—3 restricted domain {x| x = 0, x € R} Q y:j:-‘ﬂl—%x restricted domain {x | x = 0, x € R}
kA '] Va4 [l |ya [y |
_ _ EEE s R
& & 3 2 2
\E] /e =] / ~— =
B r fix) = ¥*+3 k=0 P > |< >
\ N -4 | X -4 | -2 |oJ\|*
- V= HANXN—0 | ot = I} =[x —|3 | Saml 2 2
2 - Z - ) =—2x% x>0
v foa=raef 1 o N
< : > < > [ WA B A
2|0 2 N4 | B | X ] > |4 |8 | X 2K 2K AL
21 M~ Y d) v=+vx —1 restricted domain {x | x= —1, x € R}
b; : ++/Ix tricted domain {x| x = 0, x € R} % = !
) ¥=+vIx res| omain {x | x =0, x € 4 [0 = x+ Y 4
k Y4 1 Va4 ﬁ,\_')lzj—ﬂx——l A= 1-1
‘\\. Eﬂxlzf}f & ﬂ ."‘ iz \ 2 / 2
A= S ¥ k=0 = =
4 4 - N a NG — %
'\ = j = ,’ P"‘" — £ 4 £ "
> =11 =T 2> 2} S0 = WX
= r
= PEERER = Fix= Nz Pl LY
a _
1 \_C”’ Ir.. ._{ /( l’-. ¥ YT
-2 |0 » | 4 [x 0 2 L | 6 | X
3 L
i
¥ ™

e) v=+v—x+ 3 restricted domain {x | x = 3, x € K}

VA VA
[ B - "
(EESasd 1)|= e+ 3
Z 2
| ="
P fl= IxE3E 1| T H-PFx=3
Szl [N W[ dz o] [ 2 [N [x
i \ ° \
v ¥ A4
fl yv=+vx+2+1 restricted domain
x|x=1,xeR}
NI EEE, Z SMNE,
l'l 4}1\':("_;]2"2 4]“[)(1: $2 1
\ L~ =
| | —
ASIVEEVIEEN NN
L7 & [4[2Jz20 1 X
2 - 2
U= H 2P fod) =Jx = 1 + 2|x= 1
Y v
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