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Function

Vertex Form of a Quadratic

Graph a quadratic function in the form y = a(x — h)? + k, and

relate the characteristics of the graph to its equation.

EXPLORE...

Quadratic functions can be written in different forms.

The basic quadratic function is y = x2.

Use a calculator to graph the following quadratic functions.
Explain how the basic function is related to each function.
Describe how the changes in the function affect the graph.

ay=(-3F — weekex . (3 0)

b)y=x2-5 —S iy x' 4 _
d)y=(x+ 4y +6 Ly
Oy=2xr 143 TR (-4

Ny=3(x-21:-4 > IR G eS|
2 (3»_‘“*)

SAMPLE ANSWER

January 06, 2016

\,

a)

b)

c)

d)

f)

\/

Obtained from the basic function by subtracting
3 inside the brackets. This moves the graph of the
basic function right 3 units.

Obtained from the basic function by subtracting
5 outside the brackets. This moves the graph of the
basic function down 5 units.

Obtained from the basic function by adding

| inside the brackets and subtracting 2 outside
the brackets. This moves the graph of the basic
function left 1 unit and down 2 units.

Obtained from the basic function by adding
4 inside the brackets and adding 6 outside the
brackets. This moves the graph of the basic
function left 4 units and up 6 units.

Obtained from the basic function by adding 1
inside the brackets, and then multiplying by —2
and adding 3 outside the brackets. This moves the
graph to the left by | unit and up by 3 units, flips
the graph upside-down, and makes it narrower.
Obtained from the basic function by subtracting

2 inside the brackets, and then multiplying by 3
and subtracting 4 outside the brackets. This moves
the graph to the right by 2 units and down by 4
units and makes the graph narrower.
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INVESTIGATE the Math
A high-school basketball coach

brought in Judy, a trainer from one

S: —0.\(54-?S 1AL
Veehex. (‘6, 1)
)

opens dowan(a=-04

of the local coll::g:: teams, to talk to
the players about short analysis. Judy
demonstrated, using stroboscopic
photographs, how shots can be
analyzed and represented by quadratic
functions. She used the following
function to model a shot:

y=—0.I(x— 8)2 + 13

In this function, x represents the

yerbex is o wax

horizontal distance, in feet, of the ball from the player and y represents the
vertical height, in feet, of the ball above the floor.

Judy mentioned that once she had a quadratic equation in this form, she
did not need the photographs. She could quickly sketch a graph of the path
of the ball just by looking at the equation.

© How could Judy predict what the graph of the quadratic
function would look like?

A. Graph the following function:
ol
Jy=x
Change the graph by changing the coefficient of x2. Try both positive

and negative values. How do the parabolas change as you change this
coefficient?

B. For cach function you graphed in part A, determine the coordinates of
the vertex and the equation of the axis of symmetry.

C. Graph this function:
y= 2+ 1

Change the graph by changing the constant. Try both positive and
negative values. How do the parabolas change as you change the
constant? How do the coordinates of the vertex and the equation of
the axis of symmetry change?

Answers

T\ \/ |
| | /T

Parabolas become narrower as the coefficient becomes more positive/
negative; parabolas with negative coefficients open downward instead
of upward.

. (0, 0), x = 0 (all functions)
AN hd \ L/

Parabolas shift up/down as the constant increases/decreases; the
x-coordinate of the vertex is always 0, but the y-coordinate increases/
decreases as the constant increases/decreases; the axis of symmetry is
always x = 0.

j==]
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INVESTIGATE the Math
A high-school basketball coach

brought in Judy, a trainer from one
of the local college teams, to talk to
the players about shot analysis. Judy
demonstrated, using stroboscopic
photographs, how shots can be
analyzed and represented by quadratic
functions. She used the following
function to model a shot:
y=—01(— 8)2 + 13
In this funcrion, x represents the
horizontal distance, in feet, of the ball from the player and y represents the
vertical height, in feet, of the ball above the floor.

Judy mentioned that once she had a quadratic equation in this form, she

did not need the photographs. She could quickly sketch a graph of the path

of the ball just by looking at the equation.

©® How could Judy predict what the graph of the quadratic
function would look like?

D. Graph this function:
y={x-1)7*

Change the graph by changing the constant. Try both positive and
negative values. How do the parabolas change as you change the
constant? How do the coordinates of the vertex and the equation of
the axis of symmetry change?

E. The cquation that Judy used was expressed in vertex form:
y=n{x— }"})2 + k

Make a conjecture about how the values of #, 4, and £ determine the
characteristics of a parabola.

F. Test your conjecture by predicting the characteristics of the graph of
the following function:

y=—0.1(x— 82>+ 13
Use your predictions to sketch a graph of the function,
G. Usinga graphing calculator, graph the function from part F:
y=—01(— 82+ 13

How does your sketch compare with this graph? Are your predictions
supported? Explain.

Answers

' \Il/ {\/ \/ {

Parabolas shift right with a subtracted constant, left with an added
constant; the y-coordinate of the vertex is always 0, but the x-coordinate
increases/decreases as the (subtracted) constant increases/decreases: the
axis of symmetry shifts with the x-coordinate of the vertex.

E. Conjecture: The vertex is (f, £) and the axis of symmetry is x = #; the
parabola opens upward/downward for a positive/negative a; the parabola
becomes narrower as @ becomes more positive or negative.

F. Prediction: The vertex is (8, 13) and the axis of symmetry is x = §; the
parabola opens downward and is wider than the basic parabola y = x*.

The sketch has the same vertex, axis of symmetry, direction of opening,
and general shape (wide) as a calculator graph; predictions are supported.

January 06, 2016

Communication | Tip

A quadratic function is
in vertex form when it
is written in the form
y=alx—h*+k
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Reflecting

H.

Does the value of # in a quadratic function always represent the same
characteristic of the parabola, whether the function is written in
standard form, factored form, or vertex form? Explain.

eil claims that when yvou are given the vertex form of a quadratic
Neil cl hat when g I tex f fa quadrat
function, you can determine the domain and range without h;wing to
graph the function. Do you agree or disagree? Explain.

Which form of the quadratic function—standard, factored, or
vertex—would you prefer to start with, if you wanted to sketch the
graph of the function? Explain.

Answers

H.

Yes. It always represents the direction of opening and narrowness of the
parabola.

Agree. If [ were given f{x) = 2(x + 3)* + 5, | would know that the graph
opens upward because 2 is positive, and that the vertex would be located at
(—3, 5). This means that the function contains a minimum value at the vertex.
The domain would be {x € R} and the range would be {y = 5, ye R},
Disagree. If the context of the problem were a “projectile” question, then
I would need to know the x-intercepts to state the domain, and [ would not
be able to state them simply by looking at the equation in vertex form.
Standard form would be fine for graphing the function with technology.,
and would be useful if | needed the y-intercept. [ would prefer factored
form if | wanted to locate the x-intercepts exactly. | would prefer vertex
form if I was most interested in locating the vertex.

January 06, 2016
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APPLY the Math

EXAMPLE 1 Sketching the graph of a quadratic function given in vertex form

Sketch the graph of the following function: .
fl)=2(x—3)%—4 Ver&ex, (3 —‘-{)
»

State the domain and range of the function.
RS wp (- P

Samuel’s Solution

fix) =2(x—3)°%—4
Sincg a == I:I’ thc P;[r;[bo]a UP(‘.’I'IS upﬁrard. ThE functlc‘n wWas glven in vertex fDr‘m_ | IlStEd
The vertex is at (3, —4). =777 the characteristics of the parabola that | could

The equation of the axis of symmetry is determine from the equation.

x =3

£0)=2(0—3)>— 4

f0)=2(-3*-4 To determine another point on the parabola,
f10) =209 — 4 | substituted O for x.

£0) = 18 — 4

fl0) = 14

Point (0, 14} is on the parabola.

flx) = 20x — 3) — 4 _
16% s 1 | plotted the vertex and the point | had determined,
s 1(0.14)! (6,14) (0, 14). Then | drew the axis of symmetry. | used

B I

i | symmetry to determine the point that is the same
84 :r horizontal distance from (0, 14) to the axis of
4- 'r symmetry. This paint is (6, 14). | connected all three
|
|
i

points with a smooth curve.
M

A1x= 3103, -4)

Domain and range:

{(x.y}|x€ R,y=—4,y € R}
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EXAMPLE 2 Determining the equation of a parabola using its graph

Liam measured the length of the shadow that was cast by a metre
stick at 10 a.m. and at noon near his home in Saskatoon. Other
students in his class also measured the shadow ar different times
during the day. They had read that, when graphed as shadow length
versus time, the data should form a parabola with a minimum at
noon, because the shadow is shortest at noon. Liam decided to try to
predict the equation of the parabola, withourt the other students’ dara.

Determine the equation that represents the relationship between the

time of day and the length of the shadow cast by a metre stick.

Liam’s Solution

[ have the points (10, 85.3) and (12, 47.5).

Ay -
— 1501 | measured the length of the shadow in
E ]
Y 175- centimetres. My measurements were 85.3 cm
z —_ at 10 a.m. and 47.5 ¢m at noon.
S - ]
2 75 (10, 853) | drew a sketch of a parabola using (12, 47.5) as
5 the vertex, since the length of the shadow at noon
£ 504 il .
5o (12, 475) \hshould be the minimum value of the function.
7] 25
-
0 bl L3
4 8 12 16
Time of day (h)

flx =alx— M+ k

s } function, since | already knew the values of h and k
flx) = alx — 12)* + 47.5

| decided to use the vertex form of the quadratic
in this form.

Solving for a:
85.3 = (10 — 12)%2 4+ 47.5

| knew that (10, 85.3) is a point on the parabola.
85.3 = a(—2)2 + 47.5

| substituted the coordinates of this point into the

85.3 = 4a + 47.5 equation and then solved for a.
37.8 = 4a
9.45 = a

The domain and range of this function depend on
the hours of daylight, which depends on the time
of year.

The function that represents the parabola is

fx) = 9.45(x — 12)? + 47.5
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EXAMPLE 3 Reasoning about the number of zeros that
a quadratic function will have

Randy claims that he can predict whether a quadratic function will have

zero, one, or two zeros if the function is expressed in vertex form, How can TI-718pire

you show that he is correct?

Eugene’s Solution

S =2x—-2)* =5
Conjecture: two zeros

Mlx)=2 [x-2}*-5

The graph supports my conjecture.
flx) = »?
J)=Kx—-02+0

Conjecture: one zero

."Jlll -
1]/ lx)=x*

The graph supports my conjecture.

fl) = 2(x + 3)2 + 4

CDﬂjCCtUI‘E: no zZeros

I
LR & (1% BN )

The graph supports my conjecture.

-~

1 The vertex of the parabola that is defined by the

function is at (2, —5), so the vertex is below the
x-axis. The parabola must open upward because
a is positive. Therefore, | should cbserve two
x-intercepts when | graph the function.

.

>
To test my conjecture, | graphed the function on a

1 calculator. | can see two x-intercepts on my graph,

so the function has two zeros.

e

=
| decided to use the basic quadratic function, since
this provided me with a convenient location for the

4 vertex, (0, 0).

Since the vertex is on the x-axis and the parabola
opens up, this means that | should observe only one
x-intercept when | graph the function.

A

To test my conjecture, | graphed the function on a
calculator. Based on my graph, | concluded that the
function has only one zero.

The vertex of the parabola that is defined by this
function is at (—3, 4), and the parabola opens
upward. The vertex lies above the x-axis, so | should
observe no x-intercepts when | graph the function.

To test my conjecture, | graphed the function on

------------ a calculator. | concluded that the function has no

ZEraos.
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EXAMPLE 4 Solving a problem that can be modelled by a quadratic function

A soccer ball is kicked from the ground. After 2 s, the ball reaches
its maximum hcigh[ of 20 m. It lands on the gr{)mld at 4 s.
a) Determine the quadratic function that models the height
of the kick.
b) Determine any restrictions that must be placed on the domain
and range of the function.
¢) What was the height of the ball at 1 s? When was the ball at the

same height on the way down?

Tia's Solution

a) Let x represent the elapsed time in seconds, and

let y represent the height in metres. Since | knew the maximum height and when it

v T S - occurred, | also knew the coordinates of the vertex.
y | decided to use the vertex form to determine the
The maximum height is 20 m at the equation.
clapsed time of 2 5,
Vertex:
(3 3) = (2, 20)
y=alx— 22420 e ﬁ substituted the known values.

Solving for a:
) = ald — 2 + 20

0=a(2)* + 20 To determine the value of a, | substituted the
O—ded20 s coordinates of the point that corresponds to the
20 = 4g ball hitting the ground, (4, 0).
—5=ua

The following quadratic function
models the heighr of the kick:
flx) = =50 —2)2+ 20

b) Time at beginning of kick:

x=10 @

At the beginning of the kick, the time is 0 5. When
Time when ball hits ground: ... the ball lands, the time is 4 5. | can only use x-values
x=4 in this interval. Time in seconds is continuous, so

the set is real numbers.
Domain: {x |0 = x=4,x € R} =

Vertex: (2, 20)

Height of ball at beginning
of kick: 0 m

Hcigh[ of ball at vertex: 20 m

p
The ball starts on the ground, at a height of 0 m,
and rises to its greatest height, 20 m. The ball is not
below the ground at any point. Height in metres is
Range: 3|0 = y =20,y € R} \contmuous, so the set is real numbers.

= —S(x—2P7+20
9 fl Sl ) | used the vertex form of the quadratic function to

= — 2 e
;((:; : :El 1)22)+ ;_020 determine the height of the ball at 1 s.
fll)y=—-5+20
fi1) =15

The ball was at a height of 15 m after 1 s.
This occurred as the ball was rising.

uation of the axis of symmetry:
Eq : o I knew that point (1, 15) is 1 unit to the left of

=2 :
i the axis of symmetry of the parabola. The other
Symmetry provides the point (3, 15). - peint on the parabola, with height 15 m, should
The ball was also 15 m above the be 1 unit to the right of the axis of symmetry.
ground at 3 s. This means that the x-coordinate of the point

This occurred as the ball was on its must be 3.

way down.
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In Summary

Key Idea

¢ The vertex form of the equation of a quadratic function is written as follows:
y=alx—h?+k
The graph of the function can be sketched more easily using this form.

Need to Know

x=h.

when x = h.

when x = h.

¢ A quadratic function that is
written in vertex form,
y=alx— h¥ +k

has the following characteristics:

- The vertex of the parabola has
the coordinates (h, k).

- The equation of the axis of
symmetry of the parabola is

- The parabola opens upward
when a = 0, and the function
has a minimum value of k£

- The parabola opens downward
when a == 0, and the function
has a maximum value of k

y=alx— h?Z+k
a=0
Ay :
I
I
I
I
i
I
I
c -
\/
I
(h, kl:
x=hl
™
y=alx— hE+k
a=<0
My | (h, k)
|
|
|
|
|
|
|
= |
i
|
|
|
y |
x=h

* A parabola may have zero, one, or two x-intercepts, depending on the
location of the vertex and the direction in which the parabola opens.
By examining the vertex form of the quadratic function, it is possible to
determine the number of zeros, and therefore the number of x-intercepts.

Two x-intercepts

One x-intercept

No x-intercepts

4

W

/

1/

W

i
—

J

v

A

W
s

Assignment: pages 335 - 337

January 06, 2016

Questions 1, 2(ac), 3,4, 5, 8
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Form

SoLUTTONS=>6.¢ V&R efo i on.

I. For each gquadratic ‘Funcﬁo'n belo
qdenh‘s’:\\j tHhe {-"o\lowma

1) 'H‘\e direction in which the Porabo
ens -
“u}} he coordinagtes of the vertex
i) the cquation of +he oxis of 6\ymme+r\\j-

a) )= (x-3)*+7
1) O pPeENS Pword

i) 'Lfer-%—cx (3,7
IUOMWAXIS of S\/mmc-\-rH e x=3

12
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b) mx)=-2(x+1)*-3.
1) Opens Downuwdard

}'{_)5 ertex (-7,-3)
) AXS of é\/mme'&'r&: X=-"

c) qlx) = 7(x-2)*-9

1) Opens Upward

i) Vertex (2,-9)

) AXIS of \5\jmmt+r\j: xX=2
d) nﬁx)=%ﬁQx+k)z+1©

i) Opens Upuiard
1) Yertex (~1,10)
1) Axis of Symmetrye X=-4

January 06, 2016
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e) r(x)= =2x*+S
r(x)=-2(x-0)+5

1} Opens Downward
i) Uertex 10,5)
i) LAXIS of &Symmcﬁ"rj : X=0

January 06, 2016

14
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2. Predict which of +he following Functions
have a minimum value. Also predict +he
{aé;c} number of x-intercepts that each
' Funcﬁon has. “Test your predichons
3 SKetching The 3 aph of each
+dnction.

a) £x)=-x*+3 ERetoh i
£CX) = ~(x-0)*+3

Jertex : (0,3) <

x» W

Jx [ 3
= Opens Downwar c:i“" QXU
Ly & x-inteccepts

. ‘ris;-*rch"
A mx)= (x+4)*+2,
Jerteyx | (-4,2)
Ly, Opens Upward=> Minimum
Ls No 'x-m"rercc pts

15
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3 @Q‘L‘erm\ﬁc the value ot Q, | £ pOtﬁ+ ("l "‘U
IS on “the C{Juqdrcrhc -P\mc*rton

Tx)= a (x+2)* +"1

(-1,4) 12‘ a(x+2)*+47
X\ Y = al-1+2)"+7
4 = c.(n)*m
4= al)+7
4-7 = |q
~3 = la

| !
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4. Which equation represents the Svoph?
Jastity Your decision.

7 63 % Opens Downward
4/ \ ¥ % Uer+ex(3,5)
5 .  ¥%% Cc=-1. (o,-1)

/ \ 3
2 %2 4 6 8
24, (0,-1) \

A. =-2%x*+5 C
J773

9773
B. Y= ~(x-3)*+5 D. ys= %_Qx-332+ 5

17
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5. Ha’&'ch each equation with its
Qorresponding graph. Explain your
(‘QO.SOF){HS .

3) Y« Motch: <) 1\j=->&‘-3

77>
-4 -2

o
(%)
N

& & E

104
‘ ¥

Yertex (0,~-3) y Opens Downward

i) 0l " Matchs d) u=(x-4)*+2
8 \J
6 |
o
2..
I I

January 06, 2016
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Ly , Lo LN va_
D Match: b) —(x+4)*-2

Uertex (-4,2) ; Opens Downward

L

iv) o Matehs @) y= (x-3)*

Uertex(3,0) . Opens Upward

January 06, 2016
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3. Mq\r\ecn and @.ndfce are both G+t tall,
and they play " on *the Same college
\foﬂeabqn *€am . In a game, (andice
sSct uj\ﬁ; Harleen wWith an outrside high
ball for an atrack hit Using a vide
of +he ame, +heirc coach dEtermined
that +h§ heght of the ball above the
Court,in feet on its path from (andice
+o M@:’lccﬁn Could be defined by +he

uncTon
h(x) =-0.03(x-2)*+8
where X 1s The horizontal distance,

Mmeasured in feet, from one edge
ocf the cCourt.
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al Determine the axis of symmetry
of +he parabola.

Vertex (9,8) Pxis opsﬂmmd—rg

b) Marleen hit +he ball ot i+s highest
pornt. How high above the Qc&.n‘"r
when She hit 1+?

“The ball was R+ above Hhe court
when she hit i+

was +the ball

21
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d) How "\xSh was The Dall when (andice
Set (+ ./ f she was 2 from Fhe
edge: of +he court?

r\'- -0.03(x-9)’ +8
h= —0.03(2-9)*+8%
hC -0.03CT1)*+ 8
-0.03 (49)+%
B= -I.NT7+ 8
= (.53 F+

The ball was 653F+ high when (andice
Se+ 1+ 3 C

d) State Hhe ra é@ for +he ball’s path
between (andite and Q‘rlccn

{n|65<h= §,heR}

January 06, 2016
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7s6e1 final.mp4
7s6e2 final.mp4
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