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Differential Calculus  arose from the tangent 
problem (wanting to investigate the slope at each 
point along the curve).... whereas Integral Calculus 
arose from a seemingly unrelated problem, the area 
problem! (wanting to find the area under a curve)

Today, we are going to look at approximating the 
area under a curve. 

However, it is not so easy to find the area of a 
region with curved sides exactly so our goal is to find a 
way to approximate the area using our knowledge of 
limits.  And perhaps we will arrive at an exact definition. 

So, thinking back to when we developed the 
definition of a derivative...we approximated the slope of 
the tangent line by moving one of the points on the 
secant line closer and closer to the other so that Δh 
approached 0.

Similarly, we use the same idea for approximating 
areas.  We will approximate the region S under the curve 
by rectangles and then we will take the limit of the areas 
of these rectangles as we increase the number of 
rectangles.
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example:
Let's approximate the area under the curve for 
y = x2 betweeen x = 0 and x = 1. 

We may first notice that the area of S must be somewhere 
between 0 and 1 because S is contained in a square with side length 
1, we can also notice that the area of S is most definitely less than 
0.5, but we can do much better than that!

Suppose we divide S into four equal strips, 
S1, S2, S3, and S4 by drawing vertical lines 
x=1/4, x=1/2, and x=3/4 we have:

We can then approximate each strip by a rectangle whose base is 
the same as the strip and whose height is the same as the right 
edge of the strip . (in other words, the heights of these rectangles 
are the values of the function f(x) = x 2 at the right endpoints of 
the subintervals.)

We can also approximate each strip by using smaller rectangles 
whose base is the same as the strip and whose height is the same 
as the left edge of the strip. (in other words, the heights of these 
rectangles are the values of the function f(x) = x2 at the left-hand 
endpoints of the subintervals.)

The sum of the areas of these approximating rectangles is:
 

L4 = 7/32 = 0.21875 scan in sum*******

(overshot)

(undershot)

We can repeat this procedure with a larger number of 
strips.  Figures below shows what happen when we divide the 
region S into eight strips of equal width.... 

(we are narrowing in on the true area)
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What are the sums of the areas of the rectangles as the 
number of rectangles gets large? (increasing the number of strips)

Here are the sums for the areas of the rectangles using both 
left hand (Ln) and right hand (Rn) endpoints for n = 10, n = 30 and 
n = 50 strips.... 

Using a computer software to compute the sum of the areas 
of the rectangle using both left hand and right hand endpoints 
we have.....as the number of strips, n, gets larger......

Looking back at the function shaped as.....

we can apply the same technique for approximating the area by 
summing the rectangles.....

We often use sigma notation to write sums with 
many terms more compactly.  For instance.............................

sample points xn*
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Riemann Sum

Riemann Sum

So, how do we compute the area under a curve 
using a Riemann sum?? Let's go....

Area =

infinite rectangles n → ∞
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Recall the sigma formulas, we will need them here!  
They're going to help... 

Riemann Sum
Area =

Evaluating the area under a curve y = f(x) 
from a to b.

Δx (width of subinterval) will be the size of the 
interval [a,b] divided by n strips.

The ith position, xi, is:
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Example: Find the area under the curve for 
f(x) = x2 + 1 between x = 1 and x = 4 using the 
limit as n → ∞ of the Riemann sum. Area = 24
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Find the area under the curve for f(x) = x2 - x 
between x = 1 and x = 3 using the limit as n → ∞ 
of the Riemann sum. Area = 14/3
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Area = 6

Find the area under the curve for f(x) = x + 1 
between x = 1 and x = 3 using the limit as n → ∞ 
of the Riemann sum.
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Find the area under the curve for f(x) = x3 - 6x 
between x = 0 and x = 3 using the limit as n → ∞ 
of the Riemann sum. Area = - 27/4
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Find the area under the curve for f(x) = 3x - x2 
between x = 0 and x = 5 using the limit as n → ∞ 
of the Riemann sum. Area = - 25/6
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Practice

Red Book  Ex. 10.4  pp. 474
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