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Radian Measure
A radian 1s the angle subtended by an arc of lengthr (radius)

Link the Ideas

In the investigation, you encountered several key points associated
with angle measure.

By convention, angles measured in a counterclockwise direction
are said to be positive. Those measured in a clockwise direction
are negative. radian

+ one radian is the

The angle AOB that you created measures 1 radian. measure of the central

One full rotation is 360° or 27 radians. angle subtendedina.
circle by an arc equal in
One half rotation is 180° or 7 radians. length to the radius of
the circle
Omne quarter rotation is 90° or g radians. « 21 = 360°
m = 1 full rotation (or
One eighth rotation is 45° or a radians. revolution)
B
Many mathematicians omit units for radian measures. For .
example, %’T radians may be written as 23—“_ Angle measures A

. . . . v A
without units are considered to be in radians.
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Radian Measure

Aradian is the angle subtended by an arc of length  (radius)

An angle of 2 rad subtends an arc of 2r...
7 rads subtends an arc of??? T\

Use the above information to develop a formula to connect arc length, radius and
the measure of an angle in radian measure...

a=0r

A — /1 /T &‘e'j)(\\ac
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1° =" radians 1 rad = 180

180 T

Ex. Convert the following angles from radians to degrees:

a) /6 a) -21/5 c) 6.485
T (m Spad .(Lag_ TS (&\
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1° = i I‘adians 1l rad = @

180 T

Ex. Convert the following angles from degrees to radians:

a) 60° (U b) 728° (11 ¢) -270° (A1
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Sketching Angles

If the angle is positive rotate counterclockwise. If the angle is
negative rotate clockwise. What do you notice about "
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Coterminal Angles

When you sketch an angle of 60° and an angle of 420° in standard
* coterminal angles position, the terminal arms coincide. These are coterminal angles.

+ angles In standard

VA -
A (A or SMheack mallighes
/"'600 % & Y oe 3”“5

degrees or radlans

w an

1 and z e A420°
coterminal angles, as
are 40° and —320°

A
&l

Identify Coterminal Angles

Determine one positive and one negative angle measure that is

coterminalwith each angle. In which quadrant does the terminal arm lie?

a) 40° b) —430° 0 8—3“

Solution

a) The terminal arm is in quadrant 1.
To locate coterminal angles, begin on the terminal arm of the given
angle and rotate in a positive or negative direction until the new
terminal arm coincides with that of the original angle.

v, v G)—L—L_O_?

o o é—_‘

140 > Llo + m --
Y- 360 =C200°)

40° 4+ 360° = 400° 40° 4+ (—3600} = —320°

Two angles coterminal with 40° are 400° and —320°. What other answers
are possible?

A

b) The terminal arm of —430° is in quadrant IV.

: N
- a4 D, -0+ 360° =07

A
=]
¥

~

—430° 4+ 360° = —70° —430° 4+ 720° = 2907 The reference angle
Two angles coterminal with —430° are 290° and —70°, /s 70

9 >
8x _ 6w 2n
3 3 3
- '7; So, the angle Is one full 51[— _ a'_’ﬂ_
rotatlon (2) plus 2—3“ \

The terminal arm is in quadrant II.

There are 27 or 87 in one full rotation.

’ 8T | 6T _ 14w i’\_‘_Lﬁ\‘

Counterclockwise one full rotation: 5 + =

3 3 3
Clockwize one full rotation: BT“ - GT':IT = 2‘—317

Clockwise two full rotations: 8% — 12T _ _ 4™ 1\3 -

3 3 3 5

Two angles coterminal with BT“ are 2% and —%ﬂ.

Any given angle has an infinite number of angles coterminal with it, general form
since each time you make one full rotation from the terminal arm, * an expression
ou arrive back at the same terminal arm. Angles coterminal with an contalning parameters
¥ 3 . o g y that can be glven
angle O can be described using the expression specific values to
generate any answer
6+ (3600)'1 or 6 + 27n, that satlsfles the given

Informatlon or sltuatlon

= represents all possible
called the general form. cases

where n is a natural number. This way of expressing an answer is
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Any given angle has an infinite number of angles coterminal with it,
since each time you make one full rotation from the terminal arm,
you arrive back at the same terminal arm. Angles coterminal with any
angle 8 can be described using the expression

0 + (360°)n or 6 + Z7n,

where n is a natural number. This way of expressing an answer is
called the general form.

Eanq\z

general form
* an expression

contalning parameters Q) \3’0° (G = IQ)O° )

that can be glven
speclflc values to o o

generate any answer G’&? ‘_L (5@0)‘\ f\é'\\

that satlsfles the glven )

Informatlon or sltuation \

« represents all possible RN OQ (No\\g\ ton\3
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Arc Length of a Circle

All arce that subtend a right angle (%) have the same central angle, but

they have different arc lengths depending on the radius of the circle. The
arc length is proportional to the radius. This is true for any central angle

and related arc length.

Consider two concentric circles with centre O.
The radius of the smaller circle 1s 1, and the
radius of the larger circle is r. A central angle of
0 radians is subtended by arc AB on the smaller
circle and arc CD on the larger one. You can
write the following proportion, where x
represents the arc length of the smaller circle
and a is the arc length of the larger circle.

a_ r
'y 1
a= Xr @

Comnsider the circle with radius 1 and the sector with central angle 6.
The ratio of the arc length to the circumference is equal to the ratio of
the central angle to one full rotation.
X o
= Wy Isr= 17 \2

Imr . 2T -

e A= orcC nf)k \

x= (E)Z'ﬂ{l} a -
x=0 r = (o \\hs

Substitute x = 8 in ®. S = Q“3 R (( C\é ;o&\S)

a = Or

This formula, a = Br, works for any circle, provided that 8 is measured
in radians and both o and r are measured in the same units.

Determine Arc Length in a Circle

Rosemarie is taking a course in industrial engineering. For an
assignment, she is designing the interface of a DVD player. In her
plan, she includes a decorative arc below the on/off button. The arc

has central angle 130° in a circle with radius 6.7 mm. Determine the
length of the arc, to the nearest tenth of a millimetre.

@\\rcc\ Q) Gm\nrJ( 0° Yo (o«é.\c.ns

- 57 o- 2] e)?;ovg)t@: >n ~2
130 (= 6w W) wo K

-7
A= - @ Fd o

o= Oc

o= @6
LO\z 9.4
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Principal Angles

The smallest positive coterminal angle between 0 and 360°or 21r,

Ex: 13784"
0 —
1) Divide By 360°(how many rotations?). ‘31 %L‘ Y 2)600 = % .'b%
2) Getrid of # of full rotations. ?)S,Bg — ?)% = O, Bg

3) Mulitply decimal by 360°to find principal angle. 0.8 XX = \CH °

Ex:m

3
lo5eT , | _ 1os8% — 16 %3
3

1) Divide by 217 (how many rotations?).
on R
. . \
2) Get rid of # of full rotations. NG 6 -6 = l/f)
3) Mulitply decimal by 217 to find principal angle. | N =

3

10
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For each angle in standard position, determine one positive and
one negative angle measure that is coterminal with it.

a) 270° b) —5?’“ ) 740°

&5 210 + 366 Kox ) O™+ 260 = W00°)

a’lo°—3e;j:® 140° - 300 :
MO - 1O :

v -5 M - (050" =P

a5
=S

Skt A \

11
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Example

Refer to Figure 8. Suppose we have a circle of radius 10cm and an arc of length 15cm. Suppose
we want to find (a) the angle 8, (b) the area of the sector OAB, (c) the area of the minor

segment (shaded). B Coen
Rode= Mo’ - o
Y10y "o 1Sam

= 10OM em’

. The shaded area is called the minor segment.

b ‘:\(CC\ & Seé ol

Figure

@ Find ©

m ‘\Sec&o( - J:Ci_ \COTV
BT o\

— (50D

?
@) -\ = 1 csn® ma\ﬂc Swe yowl \
irionge o ( Cc\\ck\q\c‘ (5 0 'P\GAS)

L]
A*r\o. ‘Q: —\é(‘()) s (\-CD)

) ‘\( e of Sefsmenj\ .‘

[\“’(\;zrs\( = (0.%00)(0.‘:\0\’\6)? qq-ﬂcv?

) [\sejml‘ - ASQC&-( B A‘\(.\Q\B\Q
= 150:3 - '*c\.o\cwx)
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Key Ideas

Angles can be measured using different units, including degrees and radians.

An angle measured in one unit can be converted to the other unit using the
relationships 1 full rotation = 360° = 2.

An angle in standard position has its vertex at the origin and its initial
arm along the positive x-axis.

Angles that are coterminal have the same initial arm and the same
terminal arm.

An angle # has an infinite number of angles that are coterminal expressed
by 8 + (360°)n, n € N, in degrees, or 8 + 2mn, n € N, in radians.

The formula a = 8r, where a is the arc length; # is the central angle, in
radians: and ris the length of the radius, can be used to determine any of
the variables given the other two, as long as a and r are in the same units.

13
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Homework
Page 176: #7,9, 11, 13,17

Extra Practice

Sketch the following angles.
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Find the angles co-terminal to @ on the given domain

(9:5?72 , 2 <0<L8rx

"B @ < 4B
o
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Applying our knowledge of rotations and radians...

Ex. (a) If the large wheel rotates 217/3 radians, how many radians
does the smaller wheel rotate?
(b) If the large wheel completes three revolutions, how much does

the small wheel rotate in radians?
(c) If the small wheel rotates -15 11/4 radians, how many radians does the

larger wheel rotate? ‘K.;A 1
I0° Y
S-9
2% |
390\
(/?)\.o)“’ S\"\o\“ mu\H\.\ )
3 —" \‘6\6\\63 5%)1

by deus = XM = BW
2.9 = T snall w\\m.\
o -9 @ cotakes 1ON

) lS.LJ}L 2.9 (Srm\\fvﬁj A;v(c\)

_-15w _ -3 W largg el

"‘_éjl [ -—\— = AT
L_‘ -a“::) ‘O 9 (C*G\RS %
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Angular Velocity

Angular velocity - amount of rotation around a central point per unit of time

A

&
- b =—
v, r\ / .

@ = angle (radians)

v, = angular velocity a = arc length

t = time r = radius

Ex. The roller on a computer printer makes 2200 rpm (revolution per minute).
Find the roller's angular velocity.

= 00XIMN = LP-&OOWNAs

Va=O  _ Yo0Weads = “HOTeads _ 330, Hrads /e

MiN s
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Homework

Page 176: #14, 15, 16

Find the area of the shaded region

B Q\Ve"" A(\fc e ,—,’ﬂ_t‘a |
6 F= 10wl ercle = TEY
" a=lo uni)rs ﬂc‘,c\c = (4477 ml")

18
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Find the area of the shaded region

A 16 G\Ve'\'- Fwn) @
r=13 Stﬂ_t\i -:g_c:\.?)
o= o ¢ 10 3 T
rads
e =€
‘\ cv. de = N Qa\a
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