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The Binomial Theorem

Focus on...

* relating the coefficients in the expansion of (x + y)”, n € N, to Pascal's
triangle and to combinations

* expanding (x + y)" n € N, in a variety of ways, including the binomial theorem
* determining a specific term in the expansion of (x + y)”

In 1653, Blaise Pascal, a French mathematician, described

a triangular array of numbers corresponding to the number

of ways to choose r elements from a set of n objects. Some
interesting number patterns occur in Pascal’s triangle. Have
you encountered Pascal’s triangle before? Have you explored
its many patterns? Did you realize it can give you the number
of combinations in certain situations?
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Yang Hui's triangle, 13th century China
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Investigate Patterns in Pascal’s Triangle

1. Examine Pascal’s triangle and identify at least three patterns, Materials
Compare and discuss your patterns with a partner. ] s W\ counters
1 . .QQC\'\ fow G QnAS - copy of Pascal's

. 1 > . W“h\ ‘ triangle

1 3 3 1
e 4 6 4 1 .SQQMA QI'\‘\TS IKCRSes bﬁ (
2. Write the next row for the Pascal’s triangle shown. \ § \Q {0 J | l Did You Know?

3. Some of the patterns in Pascal’s triangle are spatial and relate to
whole sections in the chart. Create a large Pascal’s triangle with at

Pascal was not

) the first person to
least 20 rows. Mark or use counters to cover all of the multiples of discover the triangle
7 in your 20-row triangle. Then, cover all of the multiples of 5 and of numbers that bears

his name. It was
known in India, Persia,
and China centuries
before. The Chinese
called it "Yang Hui's

multiples of 3. What do you conclude? What happesSS for multiples

of even numbers? (0“ W om ?Q?P‘.

4, Other patterns may appear unexpectedly. Determine the sum of th

numbers in each horizontal row. What pattern did you find? triangle” in honour of
* 5. Each number in Pascal’s triangle can be written as a combination Yang Hui, who lived
from 1238 to 1298.

using the notation C, where n is the number of objects in the set
and r is the number selected. For example, you can express the

third row as 'H\Q sSLMS oemn
2Cu zcl zCz QR (o} N\e\-(| C S “me
tx ress the fifth row using combination notation. Check whether

! Ny m\\ere 'H\L Comnmaer)

your combirffTions have the same values as the numbers in the

fifth row of Pascal’s triangle. qce 4C' 4C3 4C‘5 ch l’ﬁ'\'\“ S 9
6. Expand the following binomials by multiplying.

(x+y)

x+y)r

(x +yr

Reflect and Respond

7. Explain how to get the numbers in the next row from the numbers in
the previous row of Pascal’s triangle. Use examples.

8. How are the values you obtained in steps 4 and 5 related? Explain
using values from specific rows.

9. How do the coefficients of the simplified terms in your binomial
expansions in step 6 relate to Pascal’s triangle?

(x+ (x+9)

x+4) X*\:)\ (erwx + \(‘("‘9

xR +X3*X\5*‘§ (>(+ Py 5)

[ -\-'Bx; -\-g P?*—}Q"’ﬁg“'xa +§_>%_a+3—3
|X3+33_3<3:~3+§Z%3 »,(\5

2

4
(x+y) L
\quo_\_ L"?B; +6>{°§+4X3 +\Xj

X+ Uy 4605 + g + o



Day 21 - Binomial Expansion after.notebook March 22, 2016

If you expand a power of a binomial expression, you get a series of terms.

How could you get this expansion

4 2,2 3 4
(x + y) = 1x* + 4x’y + 6x7y* + 4xy° + 1y by multiplying?
There are many patterns in the binomial What patterns do you observe?

expansion of (x + y)*.

Pascal’s triangle. In the expansion of (x + y)", where n € N, the
coefficients of the terms are identical to the numbers in the (n + 1)th

co Qc‘c\c ‘Q.“& row of Pascal’s triangle.

Binomial Pascal’s Triangle in Binomial Expansion . Row

bOOU\\é bll\‘f\ (x+ ) 1 1

6
(x_\_& The coefficients in a binomial expansion can be determined from

(x+ ) 1x + 1y 2
rOub :’_= (x+ vy 1x? + 2xy + Ty? 3
(x+yF 1x3 + 33X+ 3xy*  + 1y3 4
(x+ y)* 1x* + 43y +  Bxy? o+ 4xy? i Ty 5

The coefficients in a binomial expansion can also be determined using

combinations.
Pascal’s Triangle | Combinations J
] oco
1 1 1 ™
1 2 1 ZCD ch zcz
1 3 3 1 BEIZI BE1 3C2 3C3
1 4 6 4 1 4Cu 4C1 4‘:2 4c3 4c4
] 5 1 O 1 0 5 1 SEEI 5E1 SEZ SCB 5C4 ECS
1
L, = % Note that .C, represents the number of combinations of five items
re taken two at a time. In the expansion of (x + y)°, it represents the
— (5)(4) coefficient of the term containing X*y* and shows the number of
2 selections possible for three x's and two v's.

=10
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Example 1

Expand Binomials /Coeg‘g\cgﬁ\s QCé 0 \‘\O\D -
\ \S af

a) Expand (p + q@.\ Co ,'.C\ S G ﬁecg () QCG

b) Identify patterns in the expansion of (p + g)°.
e.° s\ ? 3 3 u o ¢
\? Q¥ 6? q \"'S?“at +30,\,3o\ +\5‘>{'—\—C’>‘3{+\? q

b) Some patterns are as follows:

* There are 6 + 1, or 7, terms in the expansion of (p + g)°.

* The powers of p decrease from 6 to 0 in successive terms of the
expansion.

* The powers of g increase from 0 to 6.

* Each term is of degree 6 (the sum of the exponents for p and q is 6
for each term)

* The coefficients are symmetrical, 1 6 15 20 15 6 1, and begin and
end with 1.
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Homework

Expand the following: (¢ 4 ﬁ n=S
X + L EXD) +,( D)« QG +5Cqé‘)(ds'+5C5(cYﬂ
1N+ 5 « O+ 10 +5cd + \(\336
\Ss £5¢) 10 #1078 +Sc ! +5ﬂ

\O
Expand the following: (?_\.OD
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binomial theorem  You can use the binomial theorem to expand any power of a

* used to expand binomial expression.
ceanne (c+ 7= CP(yP + () + Co0m(p) +
 each term has the form % 3" = G0 + G 4 G 4 -
_C(x)"*(v)¥, where + .6, + G (x)°(y)"
k + 1is the term
number
In this chapter, all binomial expansions will be written in

descending order of the exponent of the first term in the binomial.

The following are some important observations about the
expansion of (x + )", where x and y represent the terms of the
binomial and n € N:

* the expansion contains n + 1 terms

* the number of objects, k, selected in the combination (,
can be taken to match the number of factors of the second
variable selected; that is, it is the same as the exponent on the
second variable

* the general term, f, , has the form

+1*
L) "fy}'f
the same

* the sum of the exponents in any term of the expansion is n



Day 21 - Binomial Expansion after.notebook

Example 2
Use the Binomial Theorem

a) Use the binomial theorem to expand (2a — 3b)*.
b) What is the third term in the expansion of (4b — 5)°7

¢) In the expansion of [az - %)0, which term, in simplified form,

contains a? Determine the value of the term.

You can use the binomial theorem to expand any power of a
binomial expression.

[x +y)" = C(x)"(1)° + C(x)" (' + C,x)" () + -+
+,C,_ (') + C(x°()"

o Qa3

X = AG
Y= b
n=4

0 3 | 2 2 TN N
LGN ¢ 3 (XN (BB ()

OB + (@) )G ) (L\\@g(_m\;) 4(0(%@
\qu _ 0\6:\3 xB\%ca\B _Mo Cnbz) L9IL

5 Wt 15 e M«\ IS (B\L’Q;
X=1b oC :(L“S(_ 6)

=5
- (5 o) (25)
WY

5 S
d (g@.y

x= of

o=\

o
n=5

SGOROIARREYN RS ()6) (a'? )

N\

N

Y 5d L ot w5 L
— - ==
(08 %— ~ 0\3 o"b qq aA
/ L\)f"\ lferm

a ~5a +\o<;‘@ V5 -
A

<
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e Pascal’s triangle has many patterns. For example, each row begins and ends with 1.
Each number in the interior of any row is the sum of the two numbers to its left and
right in the row above.

@ You can use Pascal’s triangle or combinations to determine the coefficients in the
expansion of (x + y)?, where n is a natural number.

e You can use the binomial theorem to expand any binomial of the form (x + y)", n € N.

@ You can determine any term in the expansion of (x + y)" using patterns without having
to perform the entire expansion. The general term, ¢, , has the form C (x)" ~*(y)~
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/Pas C‘a‘ S Tr\aﬁlz

\
) |
' 9 |
| 3 3 |
T W S
G el &
l 5 10 10 9
5Co 5C| 5ca Scs SCq SC';
| 6 \9 o0 15 © \
6o 6(\ C() &.(3 £(q Gcs ole
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Homework

#1-7, 10, 11, 17

March 22, 2016
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Answers to Homework

11.3 The Binomial Theorem, pages 542 to 545

1.a) 14641 b) 18 28 56 70 56 28 8 1 14.3) (x+ ) ="+ 3% + 3x3° + )%,
¢ 1 11 55 165 330 462 462 330 165 55 11 1 (x — y)" = x* — 3x%y + 3x* — y* the signs for
2.3 ,G, G .G, b .G, .C .C .C, .C, the sel:?)nd and fourth terms are negative in the
c} 760 ?Gl TCZ ?CS TC‘i TI'CE ?GG TCT eXpEll'lSlOD Df [x_ y}a
3.2 b b) oL g b) (x+y) + [x—yF
A 2 b 3 0 3!1!1 = xd:r 3x2};£+ 3x0° 4+ ¥+ x° — 3%y + 3x3° — §°
5.3) 1x*+ 2xy + 1y*° b) 1a*+ 3a°+ 3a+1 _ ii[xtixé‘;}
0 1-—4p+6p*—4p*+1p* ; _
6. 3) 1a®+ 9a?h + 27ab? + 27h° ¢ 2v(3x* + l_\,*’-'l]; the expansion of (x + y)* — [x — ¥)*
b) 243a° — 810a*h + 1080a°b? — 720a’h* + 240ab? has coefficients for x* and y? that are reversed
_ 39b° fanl: the expa.nsfion of (x + }; + [];( — ¥l as wedll
3 as the common factors 2x and 2y being reversed.
7 :)} :gg;;slﬁﬂxa + E]OGTSEGS&GX + 63}5 192 192 15. a) Case 1: no one attends, case 2: one person attends
. D oty o 3072 o case 3: two peofple attenc:, case tl three peo]lfl;e_
8. All outside numbers of Pascal’s triangle are 1's; the ;2231\; ;;Zig' our people attend, case 6: all five
middle values are determined by adding the two b) 32or 2°
numbers to the left and right in the row above. ¢) The answer is the sum of the terms of the sixth
9.3 1,2,4,8,16 row of Pascal’s triangle.
b} 2% pr 256 16. a) H HHH
¢) 2!, where n is the row number H< H<T HHT
10. a) The sum of the numbers on the handle equals the 1< H HTH
number on the blade of each hockey stick. II 'IHL-II-—I
b) No: the hockey stick handle must begin with H<T THT
1 from the outside of the triangle and move T< 1< H TTH
diagonally down the triangle with each value ST T
being in a different row. The number of the blade b) HHH + HHT + HTH + HTT + THH + THT +
must be diagonally below the last number on the ']']'I-g + TTT -
handle of the hockey stick. =1H + 3T+ aH_T_ +T .
1.2 13 b) 220x°° ¢ r=6,,C,— 924 ) H repreﬁsents thE first term of the expansion of
123 G ) b (1 V]g H+T) aqd 3HT represents the second term of
' S H the expansion of (H + T}
13. a) No. While 11° =1, 11! = 11, 11* = 121, & & a a4 6a . 12a
11° = 1331, and 11* = 14 641, this pattern only 7.3 5+ 5(@) + 12(3] t8or g+t 8
works for the first five rows of Pascal’s triangle. b) at _ 4(£) + 6(0—4) 4 a_*) rat
b) m represents the row number minus 1, m < 4. bt b? b b
=a“l—i+£—i+1)
» b P b
0 1—3x+%ﬂ—gf+%x“—%f+éxﬁ
d) 16x* — 32x° + 24x* — Bx '+ x*
18. a) 5670a*h'* b) the fourth term; it is —120x"
19. a) 126 720 b) the fifth term; its value is 495
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