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The Binomial Theorem

Focus on...

« relating the coefficients in the expansion of (x + y)", n € N, to Pascal's
triangle and to combinations

* expanding (x + v)" n € N, in a variety of ways, including the binomial theorem
« determining a specific term in the expansion of (x + y)"

@3 R x %

In 1653, Blaise Pascal, a French mathematician, described

a triangular array of numbers corresponding to the number

of ways to choose r elements from a set of n objects. Some
interesting number patterns occur in Pascal’s triangle. Have
you encountered Pascal’s triangle before? Have you explored
its many patterns? Did you realize it can give you the number
of combinations in certain situations?
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Yang Hui's triangle, 13th century China
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Investigate Patterns in Pascal’s Triangle

1. Examine Pascal’s triangle and identify at least three patterns.

Compare and discuss your patterns with a partner. L
L eeoch 0w shorts ond ends
1 2 1 W

1 3 3 1
1 e 76 T eSReond m\r3 werarses
2. Write the next row for the Pascal’s triangle shown.\ 4§ \@ {0 J |

3. Some of the patterns in Pascal’s triangle are spatial and relate to
whole sections in the chart. Create a large Pascal’s triangle with at
least 20 rows. Mark or use counters to cover all of the multiples of
7 in your 20-row triangle. Then, cover all of the multiples of 5 and
multiples of 3. What do vou conclude? What happeg for multiples

of even numbers? (O'\ o\m

4. Other patterns may appear unexpectedly. Determine the sum of th
numbers in each horizontal row. What pattern did you find?

. Each number in Pascal’s triangle can be written as a combination
using the notation C, where n is the number of objects in the set
and r is the number selected. For example, you can express the
third row as

C c C

20 271 272
txpress the fifth row using combination notation. Check whether
your combi s have the same values as the numbers in the

fifth row of Pascal’s triangle. ‘C‘ ‘C' ‘C’ ,‘Cs ‘CQ
6. Expand the following binomials by multiplying.

(x + v)?

(x + ¥

(x + p)f

Reflect and Respond

7. Explain how to get the numbers in the next row from the numbers in
the previous row of Pascal’s triangle. Use examples.

8. How are the values you obtained in steps 4 and 5 related? Explain
using values from specific rows.

9. How do the coefficients of the simplified terms in your binomial
expansions in step 6 relate to Pascal’s triangle?
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Materials

counters

* copy of Pascal's
triangle

(

lDid You Know?

Pascal was not

the first person to
discover the triangle
of numbers that bears
his name. It was
known in India, Persia,
and China centuries
before. The Chinese
called it "Yang Hui's
triangle” in honour of
Yang Hui, who lived
from 1238 to 1298.
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Link the Ideas

If you expand a power of a binomial expression, you get a series of terms.
How could you get this expansion
by multiplying?

There are many patterns in the binomial What patterns do you observe?
expansion of (x + y)*

(x + v)* = 1x* + 4x’y + 6x°V* + 4xy° + 1y°

The coefficients in a binomial expansion can be determined from
X* Pascal’s triangle. In the expansion of (x + y)", where n € N, the
g P V.
coefficients of the terms are identical to the numbers in the (n + 1)th

Q(‘;\C row of Pascal’s triangle.
G e

\ . Binomial Pascal's Triangle in Binomial Expansion . Row
m\ h h \“ (x+ y)pP 1 1
(x+y) 1x + 1y 2
(OUA l (x 4+ y)F 1x% + 2xy + 1y? 3
(x+ yP? 1x3 + 3x2y + 3Ixy? + 1y? 4
(x+y)* 1x + 44Xy o+ Bx? o+ dxy? o+ 1y 5

The coefficients in a binomial expansion can also be determined using

combinations.
Pascal’s Triangle | Combinations 1
] OCD
] ] 1CU 1CI
1 2 1 2(0 ch ZCZ
1 3 3 ] 3EEI 3E1 3CZ SCS
1 4 6 4 1 4Cu 4C1 4C2 4C3 4C4
1 5 1 O ] 0 5 1 SCIZI 5C1 SCZ SCB 5C4 ECS
1
b, = % Note that .C, represents the number of combinations of five items
e taken two at a time. In the expansion of (x + y)°, it represents the
— (5)(4) coefficient of the term containing »®y? and shows the number of
2 selections possible for three x's and two y's.

=10
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Example 1
Expand Binomials /-,QQF‘G\C\QN\S afe \n Cow -

\ 6 \S af %‘ \
a) Expand (p + q@\, Lo 6C\ ‘(.f s & ¢ GCG
b) Identify patterns in the expansion of (p + g)°.

\?Gaf*\' SFq -\—B?“{ +30‘, +\5 —\-6‘,'1 +\P q
?Q ‘*‘66;1* \‘59"‘{ -\-3)‘;3{’ *6\;‘\ .‘.Q,?‘\-\ c.\

b) Some patterns are as follows:
* There are 6 + 1, or 7, terms in the expansion of (p + g)°.
* The powers of p decrease from 6 to 0 in successive terms of the
expansion.
* The powers of g increase from 0 to 6.
* Each term is of degree 6 (the sum of the exponents for p and g is 6
for each term)

* The coefficients are symmetrical, 1 6 15 20 15 6 1, and begin and
end with 1.
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Homework

Expand the following: (¢ 4 QFD n=5
65+ £,658Y +,C AN+ LI £, 856 W)
1D+ 5 + 0SY+ 108 + 5cd* « V(O
\Ss +5¢9 Oy -\'\Oc‘.‘é’i xS g’ -\-éﬂ

\o
Expand the following: (?.\.CD
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binomial theorem  You can use the binomial theorem to expand any power of a

* used to expand binomial expression.
(x+y)r.neN 0 1171 2( 72
« each term has the form (x +y)" = G (y)° + G0 + G ()" + -
_C(x)"*(y), where + C _(x)'(y)' + C (x)(y)"
k 4+ 1isthe term
number

In this chapter, all binomial expansions will be written in
descending order of the exponent of the first term in the binomial.

The following are some important observations about the

expansion of (x + y)", where x and y represent the terms of the
binomial and n € N:

* the expansion contains n 4+ 1 terms

* the number of objects, k, selected in the combination C,
can be taken to match the number of factors of the second
variable selected; that is, it is the same as the exponent on the
second variable

* the general term, ¢, ,, has the form

LX) *(V)%

\the same

* the sum of the exponents in any term of the expansion is n
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Example 2
Use the Binomial Theorem

a) Use the binomial theorem to expand (2a — 3b)*

b) What is the third term in the expansion of 4b 5)5%= GC (‘{L)(f))

c) In the expansion of [a - %) which term, in simplified form,

contains a? Determine the value of the term.

You can use the binomial theorem to expand any power of a
blnomlal expression.

iX+Y) = C.x)"(»° + C(X] M + ,C,x)"2(y)* +
- + .C . (x)? (y) '+ C.(x)° (Y)

o Qa3b)
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5—_-?)5
n=4

o 3 2 2 |3 o W
GO o3 (360 (@ (o)
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ool _ 962k xo¥oab - Aloab < Ik’
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e Pascal’s triangle has many patterns. For example, each row begins and ends with 1.
Each number in the interior of any row is the sum of the two numbers to its left and
right in the row above.

e You can use Pascal’s triangle or combinations to determine the coefficients in the
expansion of (x + y)*, where n is a natural number.

¢ You can use the binomial theorem to expand any binomial of the form (x 4+ y)", n € N.

¢ You can determine any term in the expansion of (x + y)" using patterns without having
to perform the entire expansion. The general term, ¢, has the form C,(x)" ~¥(y)".
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Homework

#1-7, 10, 11, 17

) e
hcv: ﬂ\.
A
ORI
-3 9!
C,-
37O \\3\_

Q@ o J(\\e ik &&(m £ (L‘&\\i

December 16, 2019
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Answers to Homework

11.3 The Binomial Theorem, pages 542 to 545

l.2) 14641 b) 18 28 56 70 56 28 8 1 14. 3) (x + ) = x* + 3x%y + 3xp° + °, _
¢ 1 11 55 165 330 462 462 330 165 55 11 1 (x — y)* = x* — 3x% + 3xy* — % the signs for
2.3) G, ,C G b .G, .C .C, .G, .C, the second and fourth terms are negative in the
c) TCD ?CI ;_'CZ ?CS T‘G‘l TCE ?GG 767 expanSion Of [x_ y}a
3. a) 3t b) 6 0 at b) (x+ ¥+ (x—pP
s 2 52!1! b) §T3T 9 3!}_!1 = x4+ 3x%y + 3xp? + ¥+ x' — 3xly + 37 —
: = 2x' + Bx)*
5. a) 1x% 4 2xy + 1y? b) 1a°+ 3a* +3a+1 _ 2, .
¢ 1—4p+6p*—4p° +1p* = 2x(x" + 3y°) .
6. a) 1d® + 9a’h + 27ab’ + 27h° o) 2y(3x*+ f.]; the expansion of (x + y)* — (x — v)*
b) 243a°— 810a'h + 1080a°H? — 720a%b* + 240ab* has coefficients for x? and y? that are reversed
_ 32k frog; the expa.nsfiori of [:)Zc + }; ;— (I.: - V)%, as w&zlll
a as & COMIMOon Iaclors <X an V being reversed.
9 16x' 4_5160)(3 + 600x7 — 1000x + 625 15. a) Case 1: no one attends, case 2: one pergson attends
7. :; ;zi%‘? :: gﬂi:?ﬁ-"’a o 192192f case 3: two people attend, case 4: three people
8. All outside numbers of Pascal’s triangle are 1's; the :l;[zgiie, ;;ZZ;I four people affend, case 6: all five
middle values are determined by adding the two b) 32 or 2°
numbers to the left and right in the row above. ¢) The answer is the sum of the terms of the sixth
9.a) 1,2,4,8,16 row of Pascal’s triangle.
b) 2% or 256 16. a) H HHH
¢) 27!, where n is the row number H< H<T HHT
10. a) The sum of the numbers on the handle equals the -|—<_|'r| n}_ll'_l
number on the blade of each hockey stick. _H THH
b) No; the hockey stick handle must begin with HST THT
1 from the outside of the triangle and move T< T< H TTH
diagonally down the triangle with each value ST TIT
being in a different row. The number of the blade b) HHH + HHT + HTH + HTT + THH + THT +
must be diagonally below the last number on the TTI_[; _:_ ”:I;gZI'T 4 3HT: 4 T
handle of the hockey stick. s he first £ th o of
1. 2) 13 b) 220x%° ¢ r=6, .C =924 ) H repregsentst S irst term of the expansion o
s 126 (H + T)* and 3H"T represents the second term of
12. a) (x+ }’4 b) (1-— }’]5 the expansion of (H + T).
13. a) No. While 11° = 1, 11' = 11, 11* = 121, & e a a 62 . 12a
11° = 1331, and 11* = 14 641, this pattern only 7.3) 5+ B(F) + 12(5) +8or g+ o+ 48
works for the first five rows of Pascal’s triangle. b) a _ 4(i) + B(a_“) _a a_*) T
b) m represents the row number minus 1, m < 4. bt b? s b b
— gt
—G{F—F-FF—E-‘FT.
9 1-ax+ e e B Iy Lo
d) 16x° — 32x° + 24x* — Bx ' + x*
18. a) 5670a*b™ b) the fourth term; it is —120x"
19. a) 126 720 b) the fifth term; its value is 495

11
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Hend 10 -

© o (EB*‘QY X=% Yy=9 n=>
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