Day 5 - Errors in Proofs (after).notebook February 15, 2019

1 5 Proofs That Are Not Valid

A

Identify errors in proofs.

EXPLORE...

+ Consider the following statement: There are tthree errorss in this
sentence. Is the statement valid?

SAMPLE ANSWER

There are only two spelling errors in the statement, not three, so the
statement is invalid. If the statement is invalid, however, the statement itself
is an error, making a total of three errors in the statement. Because the
statement contains three errors, it is valid. But a statement cannot be both
valid and invalid.
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APPLY the Math

EXAMPLE 1 Using reasoning to determine the validity
of an argument

Athletes do not compete in both the
Summer and Winter Olympics.

Hayley Wickenheiser has represented
Canada four times at the Winter Olympics.
Therefore, Hayley Wickenheiser has not
participated in the Summer Olympics.

Tia read these statements and knew thar there

Hayley Wickenheiser has
represented Canada four times

was an error. Identify the error
in the reasoning.

« at the Wintey Olympics.
Tia's Solution /Q((o( X'y %\LA N\nr\J( #\

'/-
Athletes do not compete | did some research and found that

in both the Summer and ~~"""| 18 athletes have competed in both
Winter Olympics. \hGames. This statement is not valid.

Focl
Hayley Wickenheiser has This staterment is true. She has played

represented Canada four — @0 the national hockey team.

times at the Winter Olympics. /2 :
ek The conclusion was false because the

first statement was false. Hayley played
for Canada in the softball competition in
\:che 2000 Summer Olympics.

Therefore, Hayley Wickenheiser

has not participated mn -

the Summer Olympics.
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EXAMPLE 1 Using reasoning to determine the validity
of an argument

Athletes do not compete in both the
Summer and Winter Olympics.

Hayley Wickenheiser has represented
Canada four times at the Winter Olympics.
Therefore, Hayley Wickenheiser has not
participated in the Summer Olympics.

Tia read these statements and knew that there

was an error. Identify the error Hayley Wickenheiser has
—_ . represented Canada four times
AL EAIE TRABORIIRE: at the Winter Olympics.

Communication | Tip

ereol |.r\ 5‘\&‘&‘&‘\" 4 3 Stereotypes are generalizations

Your Turn ﬁ___/\’/\ base_d on culture, gender,
Zack is a high school student. All high school students dislike cooking,. [anion: DEtane Thelia e

always caunterexamples to

Therefore, Zack dislikes cooking., Where is the error in the reasoning? stereotypes, so canclusions
based on stereotypes are
not valid,

Answer

The error is in the second statement. Not all high school

students dislike cooking. o
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EXAMPLE 2 Using reasoning to determine the validity
of a proof

Bev claims he can prove that 3 = 4.

Bev’s Proof
Suppose that: 2 + b = ¢_
This statement can be written as:  4a — 3.:1 + d4h = 3bh = 4¢ —

After reorganizing, it becomes: = Ga+ 4b— be=3a+ 34‘; - 3¢
Using the distributive property, bla+b—0 =3+ 6b- 20
Dividing both sides by (& + & — ¢), 4=3
Show that Bev has written an invalid proof . invalid proof
. . A proof that contains an error
Pru’s Solution in reasoning or that contains

invalid assumptions.

SUPPUSC that:

a+b=c 4
/—'_‘ El
---1 Bev's premise was made premise
at the beginning of the proof. A statement assumed to be true,

Since variables can be used to
represent any numbers, this part
\..Of the proof is valid.

da & 3a)+ 4b cY 3¢ v
= (—Bev substituted 4a — 3a for a

since 4a — 3a = a.

Bev substituted 4b — 3b for b

sinced4b — 3b = b.

Bev substituted 4¢ — 3¢ for ¢

ksince 4c — 3c = c.

dag + 4b — de =32+ 36— 3c vV

FI recrganized the equation

and | came up with the same
result that Bev did when he
reorganized. Simplifying would
take me back to the premise.
This part of the proof is valid.

=
dlat+b—0=3a+b—0c v

-{Since each side of the equation
has the same coefficient for all
the terms, factoring both sides

\Jsa valid step.

4at+b—¢c 3atb—o This step appears to be valid,

@ @ but when | looked at the divisor,

I identified the flaw.
at+ b=r¢ % Car\i\()+

atb—c¢c=c¢c—c¢ When | rearranged the premise,

T+ b — =0 6 ------ | determined that the divisor
\Wy\de
equalled zero.

Dividing both sides of the -:'.qua[Ql

by 2 + & — ¢ is not valid. Division

by zero is undefined.
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EXAMPLE 2 Using reasoning to determine the validity
of a proof

Bev claims he can prove that 3 = 4.

Bev’s Proof

Suppose that: 2 + b = ¢

This statement can be written as:
After reorganizing, it becomes:

Using the distributive property,

dag = 3a + 4b — 36 = 4¢ — 3¢
4a + 46 — 4¢ = 3a + 36 — 3¢
4la+b—c)=3a+b— 0

Dividing both sides by (@ + & — ¢), 4=3

Show that Bev has written an invalid proof .

Your Turn

How could this type of false proof be used to suggest that 65 = 647

Answer

Suppose thata + b = c.

The statement can be written as

65a — 64a + 65b — 64b = 85c — 64c

After reorganizing, it becomes

65a + 65b — 65c = B4a + 64b — Bdc

Using the distributive property,

B5(a+b—-c)=64a+b —c)

Dividing both sides by (a + b — ¢),

65 = 64

S

.

oot Ccanest duwibe &30\

February 15, 2019
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EXAMPLE 3 Using reasoning to determine the validity
of a proof

Liz claims she has proved that =5 = 5.

Liz’s Proof

[ assumed that —5 = 5.

Then I squared both sides: (—5)* = 5°

I got a true statement: 25 = 25

This means that my assumption, —5 = 5, must be correct.

Where is the error in Liz’s proof?

Simon’s Solution /Q((@( " \\M 1
Tassumed that =5 = 5. ==~ {Liz started off with the false
assumption that the two
.Lhnuml:rers were equal.

FEvery‘thing that comes after the

false assumption doesn’t matter
. i f—5%2 = g2
Then I squared both sides: (=5) 5 because the reasoning is built on

I got a true statement: 25 = 25 | the false assumption.

Even though 25 = 25, the
\‘underlying premise is not true.

& - )

Liz's conclusion is built on a false
—5F5  --eeemermeseesesooseoooooo- oo - SUEEEEENEREIhe concl usion
she reaches is the same as her

mption.
\ assu ptio

% Circular reasoning has
resulted from these steps.
Starting with an error and then
ending by saying that the error
has been proved is arguing in a
circle.

If an assumption is not true,
then any argument that was built
on the assumption is not valid.

February 15, 2019

circular reasoning

An argument that is incorrect
because it makes use of the
conclusion to be proved.
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EXAMPLE 3 Using reasoning to determine the validity
of a proof

Liz claims she has proved that —5 = 5.

Liz’s Proof

[ assumed that =5 = 5.

Then I squared both sides: (—5)* = 5*
I got a true statement: 25 = 25

This means that my assumption, —5 = 5, must be correct.

Where is the error in Liz's proot?

Your Turn m
How is an error in a premise like a counterexample? —

Answer

An error in a premise is like a counterexample because
a single error invalidates the argument, just as a single
counterexample makes a conjecture invalid.
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EXAMPLE 4 Using reasoning to determine the validity of a proof

Hossai is trying to prove the following number wrick:
Choose any number. Add 3. Double it. Add 4. Divide by 2. Take away the

number you started with.

Each time Hossai tries the trick, she ends up with 5. Her proof, however,

does not give the same result.

Hossai’s Proof

7 Choose any numher.\/ n )
n+3 Add 3. / n+ b
2+ 6 Double it. 9('\-1' 57 - an +
21 + 10 Add 4./ An<+4 = In+l0
2n+ 5 Divide by 2. \O =y
- -~
#+ 5 Take away the number you started with. aﬂ;"’ a
Where is the error in Hossai's proof?
. . “—\—6 -6 -2 5
Sheri’s Solution
I —— 5 lﬂd\»Gkﬂ.\‘e _______ | tried the number trick twice, for the number 1 and the
10 ————= 5 number 10. Both times, | ended up with 5. The math trick worked
for Hossai and for me, so the error must be in Hossai's proof.
" v ------—--{The variable n can represent any number. This step is valid.
n+ 3 v [Adding 3 to n is correctly represented.
Sl v -----1=--1 Doubling a quantity is multiplying by 2. This step is valid. Its
5 \ implification is correct as well.
dedu

25 + 10 v Adding 4 to the expression is correctly represented, and the
simplification is correct.

2n + 5 X (The entire expression should be divided by 2, not just the
constant. This step is where the mistake occurred.
I corrected the mistake: =~
2n + 10
T =n+5
B I | completed Hossai's proof by subtracting n. | showed that the
' answer will be 5 for any number.

)
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EXAMPLE 4 Using reasoning to determine the validity of a proof

Hossai is trying to prove the following number trick:
Choose any number. Add 3. Double it. Add 4. Divide by 2. Take away the

number you started with.

Each time Hossai tries the trick, she ends up with 5. Her proof, however,

does not give the same result.

Hossai’s Proof

n Choose any number.

n+ 3 Add 3.

2n+ 6 Double it.

2n+ 10 Add 4.

2n+ 5 Divide by 2.

n+5 Take away the number you started wich.

Where is the error in Hossai's proof?

Your Turn m
Is there a number that will not work in Hossai’s number trick? Explain. —
Answer

Hossai’s number trick will work for every number because the
proof uses n as any number and results in the number 5.

&M\Jﬁ (eo&sﬂif\j 3\!‘% WS K N\a“\qm)f\'co\\
’Proog \—5‘\\(\\ fMNans NO Cd\ﬂjﬁ(%m‘)eﬂs <><\..S‘l‘
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In Summary

Key Idea

s Asingle error in reasoning will break down the logical argument of a
deductive proof. This will result in an invalid conclusion, or a conclusion
that is not supported by the proof.

Need to Know

* Division by zero always creates an error in a proof, leading to an invalid
conclusion.

¢ Circular reasoning must be avoided. Be careful not to assume a result
that follows from what you are trying to prove.

* The reason you are writing a proof is so that others can read and
understand it. After you write a proof, have someone else who has not
seen your proof read it, If this person gets confused, your proof may
need to be clarified.

Assignment: pages 42-44
Questions: 1, 2, 3, 5, 6ab, 7
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SOAMTTONS= |5 Proofs ThatAre Not Valid

L. Determine +he error ineach example of
deductive reasoning .

G} ALl runners train on a daily basis. Sabriel
IS Q runner. Therefore , Gabriel +rains daily-

_[T'ie‘:. statement “all runners +rain on a
dauly basis” Is invalid.

b) \All Squares have four right angles.
Quadrilateral PQRS has<our r-.ah“!"
QﬁS\ES “T'hcre{:orc PQRS is a Squate.

> The reasoning leadis 1o the conclusion
1S invalid. cc-h:n ic‘Y?s also have four
1‘18h+ o.nSLes

2. According to His proof, Proof
5="1. Ide .!_*1‘:3 Jt"r]f.t error. 1= 14|
20 = 2(1+1)
Eyror = The firs+ line 20)+3 =20 +1)+3
of +he proof 2+3= 4+3

'S invalid. S=1

February 15, 2019
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9. Hic[{ey Says he can prove that 2=0. Here
1S hi'sS proo+.

Let both @ and & be equal to 1.

a=4b - Transitive property
g = 2, Squaring both sides
at— bt =0 Subtracting 42 from both sides
(a—b)a+ b)) =0 " Factoring a difference of squares
= (e _{:‘E_Fﬂb;- ) = @ E ) A Dividing both sides by 2 — &
a+ 8 =0 Simplifying
a+b=0
1+1=0 Substitution
2=40

Cxplain whether each Statement in Mickey .
proof 1S valid. :

'_ Aine 8 is notvalid Since Mickey 1's dividing
by (Q—b)rlc,md o—-b=0. J

12
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S.uﬂ'ﬂi created a moth trick in which she
always ended with 4. When Ali +ried o
prove her +rick,however, i+ did not work.

Ali’s Proof
n [ used 7 o represent any number.
2n v~ Mulsiply by 2.
2n + B v~ Add 8.
2n+ 4 % Divide by 2.
n+ 4 Subtract your starting number.

’Ii::lcnh‘?y +he ecrror in Ali’s proof, and explain
why her reasoning IS incorcrect.

Rreor=> (Ali did net correctly divide by
2 lineg 4. [ 2n+%
P, 2

= n+M

13
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6. @hnie Tried this number trick S

» Write down the number of your street address.
* Multiply by 2.

¢ Add the number of days in a week.

 Muldiply by 50.

* Add your age.

* Subtract the number of days in a year.

* Add 15.

@nm’e’s result was a number in wWhich the tens
and ones digi+s were heraagec and +he rest of
the digi+s were +he number From her Street
address. She tried to prove why this works, but
her Gnal expression did not make sense.

Q) T'r{\j +his number frick to sece if You get

the soame result as (onnie.

> Street Address 2 14 Aqge 2 16
. |4
X 2. 28
+1 35 |
X50 | 17150
+ 16 116

36D 1Ol

+ 1S =

February 15, 2019
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Let # represent any house number.

2n
2n+7
100n + 350

Multiply by 2.
Add the number of days in a week.
Multiply by 50.

Let a represent any age.

1007 + 350 + «

Add your age.

100# + 350 + @ — 360  Subtract the number of days in a year.

100 + 2+ 5

Add 15.

b)Deﬁ-ermmc +he €rrors 1n her proo-FJ and
+hen Corcrect +hem.

P

- IF{CFG s anercor in line & of CO‘.'\T‘]{‘S’S PTOO’F-

She subtracted B3¢0 instead of 3¢5
for +he number of days in the year.

(orrection.

Une &
Line 7

o
o
o
=]

IOON +350+a —365
looN+Qa-=135 +135
o IOON+ Q

February 15, 2019
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1. WAccording +o this proof, 2=1. Determine
+he error in reasoning. '

ﬁ\Je_—!- a=b.
a=ab Multiply by a.
a2+ a2 =g + g, Add 42,
282 =22 + abv Simplify.
242 — 2ab = 2 + ab — 2ab. Subtract 246,
2a* — 2ab=a% — ab . Simplify.
2a? — ab) = 1(a® — ab). Factor.
2=1 4 Divide by (22 — 4b).

Erﬁr = Tn +he final line ,'H@re 1S Q
division by O.
ts a2-ab
= a(a-H)
a(0) (since a=b)
@)

([

16
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PM11-1s5.gsp

1s5e1 finalt.mp4
1s5e2 finalt.mp4
1s5e3 finalt.mp4
1s5e4 finalt.mp4

DDDDPDPD

1s5e5 finalt.mp4
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