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23 Angle Properties in Triangles

Prove properties of angles in triangles, and use these properties
to solve problems.

EXPLORE...

On a rectangular piece of paper, draw lines from two vertices to a point
on the opposite side. Cut along the lines to create two right triangles
and an acute triangle.
» What do you notice about the three triangles?
» Can you use angle relationships to show that the sum

of the measures of the angles in any acute triangle

formed this way is 180°?

SAMPLE ANSWER

The two right triangles can be arranged to fit exactly on top of the acute
triangle. So, together, the two right triangles form a triangle that is congruent to
the acute triangle. This means that the angles in the larger triangle and the
composite triangle are equal, so the sums of the measures of the corresponding
angles are also equal.
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sum of measures of angles in acute triangle = sum of measures of non-right
angles n two right triangles

L5+ L0+ LT = (L1 + £3)+ 22+ 24

Al + 23 =145 Corresponding angles
5+ 26+ 0T=25+224+ 24 Substitution
25+ 22 + Z4 = 180° Angles form a straight line.

5+ Z6 + £7 = 180°

The sum of the measures of the angles in the acute triangle is 180°,
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INVESTIGATE the Math

Diko placed three congruent triangular tiles so
thar a different angle from each triangle mer ac
the same point. She noticed the angles seemed
to form a straight line.

@® Can you prove that the sum of the measures of the interior
angles of any triangle is 180°?

A. Draw an acute triangle, ARED. Construct line () through vertex D,
parallel to RE.

JP D :,—‘=?—p

(

R E

B. Identify pairs of equal angles in your diagram. Explain how you know
that the measures of the angles in each pair are equal.

C. What is the sum of the measures of 2 PDR, 2 RDE, and £ QDE?
Explain how you know.

D. Explain why:
S DRE + /. RDE + 7 RED = 180°

E. In part A, does it matter which vertex you drew the parallel line
through? Explain, using examples.

F.  Repeat parts A to E, first for an obtuse triangle and then for a right
triangle. Are your results the same as they were for the acute triangle?

Answers

B. ZPDR =ZDRE; Z0DE = ZRED Alternate interior angles
. 1807, because the three angles form a straight line

D. ZPDR + ZRDE + ZQODE = 180°%; substitute ZDRE for ZPDR and
ZRED for ZQDE.

E. No, it does not matter. I labelled the angles at the parallel line I drew a, b,
and ¢. | labelled the other two angles in the triangle  and e. Two sides of
the triangle are transversals for the two parallel lines, soa = dand ¢ = e.
Since a + b + ¢ = 180°, I can substitute to getd + b + ¢ = 180°.

F. Yes, my results are the same for these triangles as they were for the acute
triangle.

0
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Reflecting
G. Why is Diko’s approach not considered to be a proof?

H. Are your results sufficient to prove that the sum of the measures of the
- - P r - - o -t
angles in any triangle is 180°¢ Explain.

Answers

G. Diko only showed that her conjecture appeared to be true for one
triangle. She did not prove it for all triangles. It is possible that she did
not line up the angles precisely, so the measures of the angles may not
have had a sum of exactly 180°.

H. Yes, my results are sufficient, because | proved the conjecture for all
possible types of triangles and for any angle measures.



Day 4 - Triangles (after).notebook March 11, 2019

APPLY the Math

EXAMPLE 1 Using angle sums to determine
angle measures

In the diagram, 2 MTH is an exterior angle M

of AMAT. Determine the measures of the 0
unknown angles in AMAT. 155°

A T H
Serge’s Solution
=
LMTA+ AMTH = 180° -~ LMTA and AMTH are
LMTA + (155°) = 180° supplementary since they form a
L MTA = 25° \ﬁstraight line.

= - o o A
LMAT + LAMT + £ZMTA = 180°--{ The sum of the measures of the
/ MAT + (40°) + (25°) = 180° [ interior angles of any triangle
LMAT = 115° | (s 180°%

The measures of the unknown angles are:

LMTA = 25°% L MAT = 115°.
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EXAMPLE 1 Using angle sums to determine
angle measures

In the diagram, 2 MTH is an exterior angle M

of AMAT. Determine the measures of the 0
unknown angles in AMAT. 155°

A T H
Your Turn

If you are given one interior angle and one exterior angle of a triangle, can

you always determine the other interior angles of the triangle? Explain,
using diagrams.

Answer

If you are given an exterior angle and one non-adjacent angle,
then you can determine the other interior angles.

For example, in AABC,

ZACE + 1447 = [80° The angles form a straight line, so
they are supplementary.

ZLACB = 36°

LCAB + ZABC = ZACD An exterior angle is equal to the
sum of the measures of the non-
adjacent interior angles.

LCAB + 68° = 144°

ZCAR = 76"
A P
68° 144° 101 [ 79°
B C D Q R S

[f the interior angle you are given is adjacent to a known
exterior angle, then you cannot determine the other angles. For
example, in APOR, neither of the non-adjacent interior angles
are known, so there is not enough information to determine the
unknown interior angles.
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EXAMPLE 2 Using reasoning to determine the
relationship between the exterior and
interior angles of a triangle

Determine the relationship between an exterior angle of a triangle and its

non-adjacent interior angles . non-adjacent interior angles

The two angles of a triangle that
do not have the same vertex as
an exterior angle.

Joanna’s Solution A
i i :
| drew a diagram of a triangle /\
with one exterior angle. | labelled B C D
Ghe angle measures a, b, ¢, and d. £A and £B are non-adjacent
interior angles to exterior
i LACD.
Zd+ Ze= 180° Zd and £c are supplementary.
Fodim AR~ ORISR I rearranged these angles to
\_lsolate Zd.
a
Za+ Zb+ Zc=180° | Thesum of the measures of the
xiﬂ' + :ili) = 1800 - /e k\ang|e’5 |r| an}' triangle i5 1800.
rr‘
Since £d and {£a + £ b) are
ld=ra+ /b  ceeeeeeeeeieiias both equal to 180° — ~c, by the
transitive property, they must
 be equal to each other.

The measure of an exterior angle of a triangle is equal to the sum of the

measures of the two non-adjacent interior angles.

Qo

Oﬂpos 'tle
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EXAMPLE 2 Using reasoning to determine the
relationship between the exterior and
interior angles of a triangle

Determine the relationship between an exterior angle of a triangle and its

non-adjacent interior angles .

Your Turn a
Prove: Ze= La+ Zb
d\c b
\e
Answer
Zd=Za+ £b Exterior angle property
Le=2d Vertically opposite angles
Le=La+ £Lb Transitive property

[ could also prove this by following the same steps as Joanna
did in her proof.
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EXAMPLE 3 Using reasoning to solve problems

Determine the measures of L M /

£ NMO, £ MNO, and £ QMO. 67

b

Y
s

R
Tyler's Solution
MN is a transversal of parallel lines LQ and NP, -------- @N intersects parallel lines LQ and NP.
LMNO + 20° = 67°  --oeooooeeeeeeeeeeeeeoeo-((ginea / I MIN and MNP are alternate interior
LMNO = 47° angles between parallel lines, they are equal.

LNMO + LMNO + 39° = 180° -omommommmommmmeeees The measures of the angles in a triangle add

LNMO + (47°) + 39° = 180° to 180°,

S NMO + 86° = 180°
LNMO = 94°

LNMO + £QMO + 67° = 180° Eii“r”fnej:‘“:‘gmani :ﬁ;ﬁo@g a straight line, so

(94°) + L QMO + 67° = 180° : !y o

161° + 2 QMO = 180°
£QMO = 19°

The measures of the angles are:

LMNO = 47° L NMO = 94° £ QMO = 19°.
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°
Using reasoning to solve problems

EXAMPLE 3
Determine the measures of L M/ Q
LNMO, £ MNO, and 2 QMO. y
y -
xvio'= 610 | Cyrinteznt - igor | Sz vauren - 1z
= Y7° ~RO-Y4-e | 2= Ry
X=H1 | g =804 2 e
frno="e | Ty= A
N » Lamo =1 |
q\kfm\ﬁ “\\Q(lor £ N MO =94°
<
?i \S e Mo N\LXN 61“ s Il make
W i
e‘\ lo( xﬁmaho«e/ {f&\\\’ Ing

[’“‘W\Q mnﬂ\'(«( 3

| o2 MW\W\U\J‘“’)
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EXAMPLE 3

Determine l'hf: measures Uf- L

M/

March 11, 2019

Using reasoning to solve problems

67

£LNMO, £LMNO, and £ QMO.

b

Dominique’s Solution

LNMO + £ MNO + 39° = 180°
LNMO + ZMNO = 141°

(£LNMO + £QMO) + (LMNO + 20°) = 180° ---,

LNMO + £ MNO + £.QMO = 160°

(141°) + L QMO = 160°
QMO = 19°

LNMO + £QMO + 67° = 180° ...

ZNMO + (19°) + 67° = 180°
/L NMO = 94°

LNMO + £ MNO = 141°
(94°) + L MNO = 141°
L MNO = 47°

The measures of the angles are:
L QMO = 19°% LNMO = 94° L MNO = 47°.

rq‘he sum of the measures of the angles in a triangle
\i::', 180°.
p

The angles that are formed by (A NMO + £QMO)
and (£ MNO + 20°) are interior angles on the same
side of transversal MN. Since LQ || WP, these angles
are supplementary.

P
| substituted the value of ZNMO + £ MNO into
Jhe equation.

o
1 LLMN, £ZNMO, and £ QMO farm a straight line, so

\_the sum of their measures is 180°

10
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EXAMPLE 3 Using reasoning to solve problems

Determine the measures of

L M/

£/ NMO, £ MNO, and 2 QMO.

Your Turn

e

677

In the diagram for Example 3, QP || MR. Determine the measures of
L MQO, £ MOQ, £LNOP, £ OPN, and £ RNP.

Answer

f‘/ 1n3° P

Statement

Justification

MQ is a transversal.

MQ intersects parallel lines MR and QF.

ZLMN = ZMQQO = 67

Corresponding angles

ZMOQ + 67° + 19° = 180°
ZMOQ = 94°

The measures of the angles in a triangle add
to 180°.

ZMOQ + #MON + #NOP = 180°
94° + 39° + #NOP = 180°
ZNOP = 47°

ZMOQ, #MON, and #NOP form a straight
line, so their measures must add to 1807,

ZOPN + ZMNP = 180"
ZOPN = 11387

Interior angles on the same side of the
transversal are supplementary.

ZRNP = 113°

Alternate interior angles

March 11, 2019
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In Summary

Key Idea

* ‘You can prove properties of angles in triangles using other properties
that have already been proven.

Need to Know A
* |n any triangle, the sum of the measures of
the interior angles is proven to be 180°. C
B
JA+ £B+ £ C=180°
* The measure of any exterior angle of a A
triangle is proven to be equal to the sum
of the measures of the two non-adjacent /\
interior angles.
D B C

£ DBA = £ BAC + LACB

Assignment: pgs. 90 - 92
1,2,3,4,6,7,11,12,14, 15
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DOL UTTONS=> 9.3 ﬁn&lc ?ropeﬁ-ica in T:fang‘le.s

. Harrison drew a triangle and then measured

+he +hrec interior asgles. When he added
+he measures of 'chéc Qﬁsicsjﬁ-hc Sum
was 1807 Does +this prove ~+hat the sum
of the measures of +he angles in any
+rf<1n81c is 180°? gﬁplqin.

ciéo;u I ;IQIN

Nro,-'rhfs only proves that +he sum of

+he Onalcs in Hhat particular +rfo.n&le
1S 180"

| l‘jarce] Says that it {8 possible to draw
a -\-.n'cmﬁlc with +wo rfS'n-l— anales. Do
you agree ® Explain why or Wiy not.

SoruTToN

L donot agree with Marcel sincde the
Sum of +he three interior ahS'.s::s in
Q +rior~9\e, must be 180"

March 11, 2019
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3. Determine the -Fo\';owmg UNKNOWN ongles.

0)<YXZ 44 Z <Yx2,=\%o;—-\oz°
] ’_l “
Y“ (Su pplementary A n:q'xﬁ’.s,)
| >, £ 2= 1806419
w—x =37°

(A nale Sum ot a A)

b) <A,<DCE . )
1347 = <A + M9 ﬁf.\f:j'_x"r'f:r\'{lr“ )
A 1I3M =M= < A angle of ‘%
/N 8D°= <A Lo Friangle )
e < DCE = 130°-13Y"°

= NG*
(Supplementa ry ingle s)

14
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H4. TF <Q 1s Known , Write
an expression for +he
measure of one of
+he other +wo CmB{e.S-

SoluTToN
< = 130Q°-< Q
T 2

R =

March 11, 2019
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©. Determine +he measures of Hhe
extercior ong\c—:s of an eq_k;.ll\Cl‘Jffl’(l'l
+rtoﬁ916

SokUuTTON

‘SI nce the measure of each interiac
le in an equilateral +riangle IS 605
@h Qx—l“ernor cmale would Be 180%e0°
=>[Q0O°.

16
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1. Prove SY| AD.

{PROOF
Statement
<ASY=53°

<SAD=127°

< ASY +<SAD=180°

SY || AD

March 11, 2019

Justification

Sum of anales inatriangle
) \%fgj" ﬁ8

Given
Froperty of equality.

Interior angles of the

Same Side o+ +he
Hransversal are
Supple m6ﬁ+ar\xj :

17
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Ll A manufacturer S designing a recalining
lown chair, as Shown. DeterMmine the
measures of <a,<«b,<c,and <d.

<Q ""‘\1._)0“ C”‘\,:QTJT\‘CQH\} CPPCS\'{‘Q)
<b=18Q0°-30"° N
= l50°QSUQp\aaﬁen+qrq an'@s}
= <d=180"-115" M N
. : = 63 (supplementary O.nq\es‘}
<C= IR0O-63°-30° D
= %‘5“(6[\81.6: sumafa A)

18
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12,

Q) Tfm. claims that FG is not /%:G\ :
parallel +o RI because 20"
<FGH# <THT. Do e / \
oaqree or disaqree . 75‘}'/50' j

+J ua"r{'ﬁj \\jour E:C\'S's'ffm- —

T disagree With Tim since <FGH and <THY
Gre not’ corresponding , alternate interior, -
or _alterngte €xteriar onﬁlcs

b) How else couid 8oudus+n£‘3 your decysion?
plain.

Oince < GFH = 180%85%15° or SO° ,this
MaokKes <GFH =< THJT Thereﬁ:rez FGIIRT
Sance Correspondmg angles are ecLual

19
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IM. Determine +he measures of +he interior
Ong\ca of AFUN.

A < NFU=180°-'HS°
pIIS N, = 65°
/,--/ hid ~ (Su pplementary A t‘\.q_'ICS.\-’
< FNU=180°-149°
= QB | ©

(Suppleme nrary JAng| es)

< FuN= 180°-6S°-3\°
- %k_l"
Angle sum of a A)

20
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\S.
o) Determine +he measures of < AXZ <‘A’YC
Qﬁd < EZY.
S a <AXZ=130-35° ) S
x ¥ % =14S° A
‘\\/- * |+_ F n
A <XYC =180°-<XYZ > & 9
=180°— 93° / PANN-
% <XYZ=180-33%50" = 83° - 2
=qs" i
ZEZY=180-~80° {;’
= s

b) Determine +he sum o‘? +he Hhree extecior
Qngles

Sum = IMS°4+ §85°+130°
| = 360°

21
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