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5 . 5 Optimization Problems II:
Exploring Solutions

Explore the feasible region of a system of linear inequalities.

EXPLORE the Math

A toy company manufactures two types of toy vehicles: sport-utility vehicles

and racing cars.

* Because the supply of materials is limited, no more than 40 racing cars
and 60 sport-utility vehicles can be made each day.

* However, the company can make 70 or more vehicles, in roral, each day.

* It costs $8 to make a racing car and $12 to make a sport-utility vehicle.

There are many possible combinations of racing cars and sport-utility vehicles

that could be made. The company wants to know what combinations will

result in the minimum and maximum costs, and whart those costs will be.

2

The following model represents this situation. The feasible region of the
graph represents all the possible combinations of racing cars y and sport-
utility vehicles x .

Variables:

Letx represent the number of
sport-utility vehicles.

Let yrepresent the number of

racing cars. .
Let C represent the cost of 26
production. £ m\z‘
o
Restrictions: % 4 cosS
XE W, yE W 5,
E
Constraints: 29
10~
9 = 40 0 T T T T T
X= 60 10 20 30 40 50 60 70 80
= Number of sport-utility vehicles
y+x=70 . l
Objective function to@ —= MaoX\m I—Z_{ /N\W\\N\\ZL
C=12x+ 8y
© How can you use patterns in the feasible region to ict the . /\
combinations of sport-utility vehicles and racing cars that will Sd\u\\d"\ RN
result in the minimum and maximum values of the objective
function?

Valueof C = 8r + 125 O C= %\3 + \DX

asYincreases: 720 at (j:(}, @, 840 at (50, 30), 960 at (60, 30)
aswincreases: 860 at (45.,40), 780 at (45, 30) 740 at (45, 25)

in the middle of the solution region: §20 at (45, 1’5:1_ 880 at (50, 35), 840
at (50, 30)

at the corners of the solution region: 800 at (60, 10), 1040 at (60, 40),
680at(30.40) Whore tha \1tog, 1n (chir

o‘onc\(ﬁ {:w\clnm'. (20,40) (€0,10)
| C-1ox+By C =19E)+g00)

c- 16y | O 1907
L= BDEEY | ol e | CB00

C= 450 +40 -5y

( :ﬁé() l MINMNUM COS‘.
(©0,u0)
C= )+

(=20 + R0
(,=5\0“\0 paGY 10um C°$Jf

C = Wx 1—%3
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@® How can you use patterns in the feasible region to predict the

combinations of sport-utility vehicles and racing cars that will
result in the minimum and maximum values of the objective
function?

Sample Solution

Value of C = By+ 12 x

as xincreases: 720 at (40, 30), 840 at (50, 30), 960 at (60, 30)

as yincreases: 860 at (45,40), 780 at (45, 30) 740 at (45, 25)

in the middle of the solution region: 820 at (45, 35), 880 at (50, 35), 840
at (50, 30)

at the corners of the solution region: 800 at (60, 10), 1040 at (60, 40),
680 at (30, 40)
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Reflecting

A. With a parter, discuss the pattern in the value of C throughourt the
feasible region. Is the pattern what you expected? Explain.

B. Asyou move from left to right across the feasible region, what happens
to the value of C'?

C. Asyou move from the bottom to the top of the feasible region, what
happens to the value of C'?

D. What points in the feasible region result in each ‘optimal solution ? optimal solution
i) the maximum possible value of C A point in the solution set that
ii) the minimum possible value of C represents the maximum or
minimum value of the objective
E. Explain how you could verity that your solutions from part D saristy function.

each constraint in the model.
Answers

A. I'noticed that the maximum and minimum values were found at two 1) o ¥ a.r\A "Ny
of the corners. This makes sense, since this is where the values of the @ VZ(\' ~CL3
coordinates are the greatest or least. \

B. As the value of x increases, so does the value of C.

C. As the value of Yincreases, so does the value of C.

D. i) The maximum value of C is at (60, 40), where C is 1040.
ii) The minimum value of C is at (30, 40), where C is 6&0.

E. i) (60, 40)

(x ¥)is (60, 40) (x y)is (60, 40) (x v)is (60, 40)
Y= 40 X = 60 y+x=70
LS RS LS RS LS RS
40 40 60 60 40 + 60 70
100
40 = 40 60 = 60 100 = 70

ii) (30, 40)

(x y) is (30, 40) (x y)is (30, 40) Ix,y)is (30, 40)
y= 40 X = 60 y+ X=70
LS RS LS RS LS RS
40 40 30 60 40 + 30 70
70
40 = 40 30 =60 70=70
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In Summary

Key Ideas

* The value of the chjective function for a system of linear inequalities
varies throughout the feasible region, but in a predictable way.

+ The aptimal solutions to the objective function are represented by
points at the intersections of the boundaries of the feasible region.
If one or more of the intersecting boundaries is not part of the solution
set, the optimal solution will be nearby.

Need to Know

* You can verify each optimal solution to make sure it satisfies each
constraint by substituting the values of its coordinates into each linear
inequality in the system.

¢ The intersection points of the boundaries are called the vertices, or
corners, of the feasible region.

Assignment: page 252 - 253

Questions 1, 2, 3

*In Questions 3e and 3f, change "cookbooks" to "books".
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Optimization Problemsdl:

Wﬂag E}"-p'&ﬂl‘iﬁa Solutions.

1. Where rm‘ah-l- You £ind the maximum and
minimum Soldtions o each objective <
function below ? Explain bow Yo Know. CAOR

Q) f‘lodel A ey e

Restrictions: Graph of Model A:
xERyER

Constraints:

x o —4

xX—¥ =8

y=3

Objective function:
T=2x+ 5y

=> Uouw willHind the maximum Solutvo
Yocated o (11,3).  (1,3) is clog

=> Vou will find the minimum Solution

Bcated near H4-1D).
* (-4 -12) {S not included inthe Peasible;

FES\'DT‘L Wvs an O".&ﬂ 3
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b) ode! B
Restrictions: Graph of Model B:
xEW,yEW
’ '“i{o 9)
Constraints: g| -
6=

(5.4)
Jf>4 44&;':1]———0-—. ——————— -
yrx=9 3 PERELS,
Objective function: 0 ti gy 1 |§
N=3x—1y 2 4 6 8 10

=> Uou Will find the moximum Solution

ocoted near (6,4).
* (54) is n@+ located in the feasible

rﬁslﬁﬁ

=> 'L}ou Will find +he minimum Solution
“Ylocated near (0,9).
¥ (0,9) Is o+ EocCr—ed in the feasible

FQS\ on.

May 01, 2019
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2. (onsider The model below. What point in
+he feasible region would result in the
minimum value of +he objective function?
How could you have predicted +his from
examining the objective function?

Restrictions:
xER, YER

Constraints:
x+dy=12
x—y=1
x=—4

Objective function:
B=x= gy

= The point (n the feasible region that would
result in ¥he minimum value of +Hhe
objechve funchon would be CH)4) -
s is because ‘the obde_c-i—{ve, ')Rmch'on
1S +he diffFerence of ¥ and . The other
2 points wWould result in a positive
difference.
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3. Meqis building a bookshe If +o display
her cooKbooks and novels. -

» She has no more Hhan 50 cookbooks and no
more than 200 novels.

- She Wants to display a+ least 2 novels for
Ever}f CoOOKbOCoK .

* The ‘cookbooK spines are about half an inch
wide, and the novel Spines are abouta
guarter of an nch wide.

Meg wants foKnow how long +o make
+nE bookKshelf.
Ihe following mode! represents this
Situathion.

Let & represent the number of cookbooks,
Let # represent the number of novels,
Let W represent the widch of the boolshelf.

Restrictions: Collection of Movels and
cEW. nE W Cookbooks
A
. 4 s = ow om s i
Constraines: L {0, 200]. [Sﬂ. i .!;_ 300
'IED_ ----------
- o0 -] S
emy o R
T 0| S R SR
n = 200 % MO gega
n= 2 G120 5 5 s 5 8 5 a% e s
15 ...........
Objecrive funcrion: gmﬂ— I'Sﬂ,m]-
W= 0.5 + 0.25» zﬂﬂ-j:j::::' ’
G = o » n w a
401 i
204 « =
o 20 3
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a) Which point in the feasible reaion
represents te oreatest numbe¥of booKks
(both cookbooKs dnd novels) +hat Meg
could have 2 Explain how you Know.

=> The pornt (50,200) represents the
reatest Nnumber of books +i”1q+
%&3 could have. \We \-Exow’ thiS Since
) 'S the {:Qﬁ’hga"r P
axes.

nt From both

b) Can she. display +he same number of
cookbooks and novels ? @pmm -

=> She cannot adisplay the Same number
of CookbookKs and novels as these
ponts are not located in the feasible
reqion.
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¢) What point represents +he most cook ’DOO‘SS
and the fewest novels?

=> (50,100)

d) Whot point represents +he number of
BC)O! S +hat would require +he
lonoesy shelf ? How ionS wou ld the

QP have +o be ?

=> (80,200) W=

10
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€) What point represents +he number
of BOOKS thot would require +he
Shortest+ shelf?

=> (QJO) *N(o Shelwving wou ld be
re%uired + alt!

11
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