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Inverse of a
Relation

An inverse function is a second function which undoes the work of the first one.

1. Introduction
Suppose we have a function f that takes z to vy, so that
flx) =y.
An inverse function, which we call f~!, is another function that takes y back to z. So
) ==

For f~! to be an inverse of f, this needs to work for every x that f acts upon.
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Inverse of a
Relation

The inverse of a relation is found by interchanging the x-coordinates
and y-coordinates of the ordered pairs of the relation. In other words, for
every ordered pair (x, y) of a relation, there is an ordered pair (y, x) on
the inverse of the relation. This means that the graphs of a relation and
its inverse are reflections of each other in the line y = x.

In plain English....the x and y coordinates will just switch
nlaces
Q‘“‘@S”’(’a:t\\

The inverse of a function y = f(x) may be written in the form x = f(¥).

The inverse of a function is not necessgrily a function. When the inverse
of fis itself a function, it is denoted a nd read as finverse.” When

the inverse of a function is not a function; it may be possible To restrict the
domain to obtain an inverse function for a portion of the original function.

The inverse of a function reverses the processes represented by that
function. Functions f(x) and g(x) are inverses of each other if the
operations of f[x) reverse all the operations of g(x) in the opposite
order and the operations of g(x) reverse all the operations of f(x) in the
opposite order.

For example, f[x) = 2x + 1 multiplies the input value by 2 and then
adds 1. The inverse function subtracts 1 from the input value and then

divides by 2. The inverse function is f~!(x) = x—1
funchion Inwerse $emcdhion
300= ax+\ )= x|
o

F= (D) §7®)=-3-\ .2 |
= 23 4\ ° °
O

@ 3D
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Example 1 )
Graph an Inverse

Consider the graph of the

relation shown.

a) Sketch the graph of the inverse
relation.

b) State the domain and range of
the relation and its inverse.

c) Determine whether the relation - »
and its inverse are functions.
Solution
a) To graph the inverse relation, interchange the x-coordinates and
y-coordinates of key points on the graph of the relation.
Points on the Relation = Points on the Inverse Relation
(—B, 4) (4, —6)
(4, 6) (6, —4)
(0, 8) (& O) .
2 2) 2 2) ¥ J_two.nat\k
(4. 2) (2 4)
(6, 0) (0, 6)
The graphs are reflections of each
other In the ling v = x)The polnts
on the graph of = Telatlon are
related to the polnts on the graph
of the Inverse relatlon by the
5 e mapping (x, ¥} — (¥ x).
e ] What polnts are Invarlant after a
1~ reflection In the lne y = X7
=1 — °
Ve X L onb ?om’r \,Avfz 31}(
! — 5
w
&L (9,9)

6,9
(1010)
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b) State the domain and range of
the relation and its inverse.

Ge,6) (0,6
| Domain | Range
@ Relation [x| 6B=x=6 xR} [v|D=y=6YyER]
e Inverse Relation [x|0=x=6x€R} [v|-6=y=6yeR]
LO)Q) C'(o ,G—)

* The domain of the relation becomes the range of the inverse

X relation and the range of the relation becomes the domain of the
inverse relation.

In plain English....the x and y coordinates will just switch
places

¢) Determine whether the relation
and its inverse are functions.

7% horizontal line test

* gtestusedto
.« s determine if the graph
/Tkﬁ \S of an inverse relation

c ni*\-“"\ will be a function

e ifitis possible for

1 ‘)QC&"'*S‘a \ a horizontal line to

¥ SRS '“-0 intersect the graph of

?& - \‘,@ a relation more than
‘lou once, then the inverse

/\'¢5\ (‘\I} of the relation is not a

function

The inverse relation is not a function of x because it fails the
vertical line test. There is more than one value of y in the range
for at least one value of x in the domain. You can confirm this by
using the horizontal line test on the graph of the original relation.
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Example 2

Restrict the Domain

Consider the function f(x) = x* — 2.
a) Graph the function f(x). Is the inverse of f(x) a function? NO CFM\\S HLT)
b) Graph the inverse of f(x) on the same set of coordinate axes.

€) Describe how the domain of f(x) could be restricted so that the inverse

of f(x) is a function.

September 19, 2019

(x, ¥) = (v, x)

5’(") L flx)=x*-2 Inverse

- X1y X1y

-2 |9 2 |-2

S | -\ |-\

~ -0 |2 e
{ B -\

Solutions

5 fx) b)

V‘Zf‘\tx . (%3) ‘
axfs O'G QBN\\Y\Q&(S-X =0

VCS\'\'\.Ck dowcem Yo —s

c) Iz
4_

2
Injerse cﬂﬂlx/)/

Cl-a -2 o
,"-‘_21

b

#
Fia —4-
#

x| VEX ¥

The inverse of f(x) is a function
if the graph of f(x) passes the
horizontal line test.

One possibility is to restrict the
domain of f(x) so that the resulting
graph is only one half of the parabola.
Since the equation of the axis of
symmetry is x = 0, restrict the domain

to[x|x=0,x€ R} [o’&)

o IxIx 20 xR (o0 )0)
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Example 3
Determine the Equation of the Inverse

Algebraically determine the equation of the inverse of each function.
Verify graphically that the relations are inverses of each other.

a) flx)=3x+6

b) flx)=x"-4

o) g(ﬂ) 5?37&‘\ % (L\t\f?a(\) / 1) Replace f(x)with y.

2) Switch x's and V's.
:3:3x~% 3) Solve for J.

= -\% 4) Replace ¥ with f(x).
A 33 (ijf thepinverse is a function!)
X-6=3
3 33

?S:—% - Graphy=3x+4+ 6and y= x; 6 on the same set of coordinate axes.
. = J,.u? I
- 6 Y= x
th-Q g ()\): x - b
—)\ y=3x+6
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Determine the Equation of the Inverse

N\ AR 4 .
b) f[.‘i) =x -4 (QM&(Q*\() \j 1) Replace f(x)with ».
3 2) Switch x's and V's. \
\\») = x- 4 3) Solve for y.
P 4) Replace ¥ with ().
X = 3 - L‘ (if the inverse is a function!)
P)
x '\'L\ = 3
e
SE\D S L= 3

Y= ¥ fxay

why Is this y not replaced with £-'(x}? What could be =y _ Y e ;
donv 30 that 110 ok bo used? Graph y = x* — 4 and y = ++/x + 4 on the same set of coordinate axes.

Ho- C‘d\\B (es\f\'\c\

| au‘w\onﬂ on X)
X §0d-%y ,X20
§'6) = Ixaa
o € $09= U, X0

§700= -Sxwy

Axas & S:Bw\., x=0

Keg\f\c\'\.dh .. XZO
® X0
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Another example of how to restrict the domain

restricted domain
x| x=1,xeR]}

10 ].4.’5?
-1 -

=KX 1I)E-f 2.1:51
# /"

Neckx (1-3)
oxis o sc}m} X=|
&ns\f\c\‘\'m .. N2 \
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Inverse of a Relation

Key Ideas

® You can find the inverse of a relation by interchanging the x-coordinates and
y-coordinates of the graph.

® The graph of the inverse of a relation is the graph of the relation reflected in the
line y = x.

® The domain and range of a relation become the range and domain, respectively,
of the inverse of the relation.

@ Use the horizontal line test to determine if an inverse will be a function.

® You can create an inverse that is a function over a specified interval by restricting
the domain of a function.

® When the inverse of a function f(x) is itself a function, it is denoted by f~!(x).
® You can verify graphically whether two functions are inverses of each other.
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Homework

Practice Problems...

Pages 51 - 55
#2,3,5,6,8,9, 11,15, 18, 20, 21

September 19, 2019

11
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: )
15. Given the function f(x) = 4x — 2, ( Lmear / )

determine each of the following.

a) f'(4 '
b]ﬂ W) FOO=Ux-2 y= vgi}

9 f (8 Y= Ux-9

d) -(0) X[L\\b® S (D)= x*é
m: Y N

T (XB-%*(M%

X"—}=j 5—'(x)=_s&+i

Qv

5 D-@ - -2 (“%)
¢ 40

H§ - -0 -0 (WO
Sy

18. In Canada, ring sizes are specified using o)
a numerical scale. The numerical ring 5
size, v, is approximately related to finger
circumference, x, in millimetres, by

= ; ~
o X— 365 3 Y95 365
' 2.55 7
a) What whole-number ring size 335
il

corresponds to a finger circumference

of 49.3 mm? (x:l\-q.“g) 3" —Qig S'o‘c’
b) Deférmine an equation for the inverse 9.5

of the function. What do the variables
represent?
¢) What finger circumferences correspond

to ring sizes of 6, 7, and 97

15) 3—X 36.9
R-SS N

yEX = 5—36.,5 s

PRCS
25 x

Aoy %S = Y

4= ASHK %S .

S"(\Oz IDHX v%S

o 5 (6)- 25O %S
= \6‘5 1—%6

-~ ONd e

September 19, 2019
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VSE = 5 > a=95 (eﬂcc‘nm N X-GX13 Q@O)

HSF = _\5 = b=9 " n yoxss (bed)

trarslated 3\t = h=d
i Lt U() - Y‘\:%

13
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September 19, 2019

S axis oF stmAfj X=0
estodh dornain ag R
Yo fx|x=0 %]

14
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1.4 Inverse of a Relation, pages 51 to 55

September 19, 2019

1. a) b)
L | ]I:'.JL o
_L' =-ﬁ:‘x}—_|. ! .rl' - !’
i e \ 2| |
p ﬂl:.a—-*"'f i
:.---"‘r ;J ? o _...,
4] x= Ry a2 BN
2l NN E A
ML rw .
& . g
» S =)
2 a yr . 3. 8) The graph is a function but the inverse will be a
4 — relation,
a ¢ b) The graph and its inverse are functions,
) €) The graph and its inverse are relations.
NEFEEA AV N
N ERi
1 - 4. Examples:
- i 2 Ix|lxz=0.xeRlorix|x=0xR}
x, 6] B) Ix|x= -2, xcRlorf{x|x=-2,xR}]
b) {7y = € Ix|x=4.xcsRlorfx|x=4, xR}
- K d) Ix|x= 4, xeRlorfx|x=—-4, xR}
4 Al 5.3) f'x) = 1x b) fx)= —3(x—4)
» a € fx)=3x—4 d) f'[x]=3x+ 15
— —— e f'=-3(x-5 0 fix=2x—56
. 4

15
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6a E b C B dA e0D

7. a) Vi b) VA
w
4
&
2
&
“ >
A -6 4| 42 4 4 .6 | X
4
2
2
4
< Iy
—2/0 > | 4| 6 1o [x &
5 v
“F [ function: domain {-6, —4, —1, 2, 5}, range {2, 3, 4, 5}
function: domain -2, -1, 0, 1, 2}, inverse: domain {2, 3, 4, 5], range -6, —4, —1, 2, 5}
range {—2, 1,4, 7, 10}
inverse: domain {—2, 1, 4, 7, 10},
range {—2, -1, 0, 1, 2}
8. a) VA b) VA #| The inverse
a ’ ™ vi=fix] B ismota
- P - "' function;
# = 7 it does not
2 - / . \ K pass the
> - <~ . vertical line
S 6 | a2 Lo X o= test.
L AT / AT
T PITEE BA >
4 —2 .0 - X
P v|= ffix] . [
. - \'—
4 L 4 ¥
The inverse is a function; it passes the vertical
line test.
4] Y The inverse is
VEfK e not a function;
it does not pass
L the vertical
- . line test.
FANIE
T
Tal 12l PN
2
il 4
x k
9.3) flx)=glx-2) 9 f'x)=2x+12
VM flx): 1
_VAnE3k2 domain {x | x € R}, 2
= range [y | v € R}
115 o
(] T o bl AP
s —> T % domain {x | x € R}, 100 t B
ol = Lz mmeelriveR N
f! 2 —12[ 8/ Jalo[ [ 4 2 X
b) f0) = J-x+4) ~ :
& X = 5%~ 6
A fix): =
NWEFEFA] domain (x| x € RY, N
- range {y | y € R} Lt -
3 fin=4tax |
= domain {x | x € R}, f(x): domain {x | x € R}, range {y | v € R}
range {yv | v€ R} f~'(x): domain (x| x € Rl, range {y | y € R}
1 2lo MRS
2
Y

10.a) i) flx) = [x + 4)° — 4, inverse of

d) flix)=—vx—2 fla)=2tyx +2 -4
VA fix): domain iy b 4v4
0, Ix|x=0,xe R}, “ i .J S
range \ ;' =
_whaxko WlyzzveR
1 F'(x): domain ] “alJz o X
- Floj=ftg| xlx=2xeRL A Il
MR % range L=
B - rly=o0,veR} 4
v
e fix)=vE=x inyerse of fx) = L
Iz [T flx): domain 1 ——
A 1 x|xz=0,xeR} -
ANEGEEEE N Rttt B Dy=G—2F—2y=vitI+z
yly=2yeR) iy 'z 4
< 3 ; f'(x): domain XL T
=P dxt0 Xlx=zxeRl - /
range o
E ¥ lvly=0,yeR]
P N AR
14z [0 =
¥
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11. Yes, the graphs are reflections of each other in the

line y = x.
12.3) y=+vx—3 restricted domain [x| x= 0, x € R} 0 y:j:t‘fl—%x restricted domain {x | x = 0, x € R}
"7 S Y [ vt
- e =RETRYS =R,
\[*T /=< T/ S W ==
N p i)+ x°+3 k=0 P 3 g 3
" B Cdaf X U dal 2 o[\ %
5 VX —B | o = FP(a) =] ox =3 | Sam 2 2
= - = = fix) =—2x% %= 0
< o Le ~ N = r2ell, 1‘\ 4 1‘...
= p. > < Lo
-z o 2 N4 |6 | X 0 ? | 4 | B |X AE AR ¥ 4
21 [~ ¥ d) v=+vx—1 restricted domain x| x= —1,x€ R}
: . L} Iz IZ 9
by y=+Zx restricted domain x| x= 0, x € R} T X+ 1P
A. d
h vA 1 Iz - ool 1R 2= 1
\ =357 / \ / /
& 2 & 4 2- 2
\ / A= S k=0 S 2
= < ] % 4 ol -
A. A ] L+ - L4
N = —— -z » | 4 [x| |0 F L [
\ 2 ’!,- o [ f/ ] 2> 2} S0 = X
= VE Aax - =z s R | N 2
4 _
PINRN 24 > < > ¥ TEEPT
-z |o ? | 4 | 0 2 1| 6 | X
> Y
[l
¥ =
e) y=1+v—x+ 3 restricted domain {x|x= 3, x€ K}
VA VA
™~ A ‘-‘-“ A
v+ a3 1) = b 4 3
Z 2
-
P f = Jx E3E] | E T —PFixz3
Sl lo] 27 M7 d2]a] T2 [Ne [
il N § ‘ Y
¥ ¥ y h 4
fl v=+vx+2Z+1 restricted domain
x|x=1.xeR}
\. Iz .Il 'z 3 |+
l'. 41?":{"_;]2“2 4 f‘f}d:%_z+'|
\ " ]
| |
2oL d [ 4 X |20 4 X
2 - 2
W=t 2l i) =fix+ WP+ 2|xz 1
Y h
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